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Abstr act

The phobmetric signd from arotating regular n-sided prism is anadyzed theoretically for arbitrary solar phase
angles. All N faces of theprism are assumed to be diffuse reflectors with the same reflectance. Theandysis shows
that therangeof the periodic signd (pesk minustrough)varies with phase angle, and containsafinite nunber of
peaks. The separation between the peaksisinversely related to the nunmber of faces of the prism.

1. Introduction

A theoretical andysis[1] was previoudy completed of the periodic phaometric signd returned froma spinning
satellite with a cross-section in the shape of aregular polygon Theandysis was restricted to a zero degree solar
phase angle, i.e. theilluminaion source islocated behind the observer. In this paper, agenera solutionfor the
phobmetric signd is derived for the case of an arbitrary phase angle, with any value beween 0 andz. A simulation
was performed for arbitrary solar phase angles and the theoretical and andytical results are in complete agreement.

2. Diffuse Mode

Each face of therotating prism is assumed to be aflat diffuse surface of condant reflectance. All faces are assumed
to beidentical in size, shgpeand reflectance. Thecross-section of therotating object is aregular polygonwith N
sides. Thenormal to each face intersects the axis of rotation and is separated from thenomal of theneighboiing
faces by an angle of 2//N radiansin either direction. Asaresult, when the object has undegonearotation of 2//N
radians the new state cannotbedistinguished from the previousstate.

The solar phase angle is theangle between the Sun vector and the oberver vector. Itisshown in Figure 1 by the
symbol, . Asisimpliedinthisfigure, this pgoer will restrict its andysis to the case where the axis of rotationis
perpendicular to the plane containing the Sun and the observer.
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Fig. 1. Thesolar phase angle isthe angle between the vectors from the object to the Sun and to the observer. If
face, k, isat an angle #to thex-axis, then theangles between the nomal and the Sun and the observer are Q/2+#



Theamountof lightseen by theobserver, isthe sum of thelightfromal theexposed faces. This quantity is

propottiond to the sum of the produda of thereflectance of each face with the cosne of the angle between each
nomal and the Sun vector and the cosne of the angle between each nommal and the observer vector. Using the
angles defined in Figure 1, the photometric signaure fromthelight received by the obsrver is propottiond to:
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where theangles #, and Q, althoughnot shown explicitly, are fundionsof time. Thecondant, «, isthealbedo or the
reflectance of each surface andthe condant, 4, isthetruearea of each surface. Since all faces are assumed to bethe
same reflectance, the condant a can be set to unity with nolossin generality.

The plussign sub<ript notation on the cogne fundionsindicates tha the cognefundion contributesto thesignd
only when thecosnevalueis postive, othewiseit hasazero contribution. Thefirst cogne fundionwill be
negaive when that faceis out of view of the oberver, while the second cosnefundion will be negdive when tha
faceisin shadow andis notilluminated.

We will assume tha at time =0, there is oneface whose nommal is pointing alongthe x-axis, as shown in Fig. 1.
The N faces will benumbered —N/2 to N/2-1, where the 0" face is theonewhose nomal points alongthe x-axis.
Since there are N faces around?! radians thenomals for adjacent faces are separated by a fixed angle of 2//N.
With a condant rotation rate of $ radiang'second, the angle of thenomal of the” face is given by:
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The phobmetric signd from thek” face at time is therefore given by:

)= Acos(;é/‘(() /2+*t+k%1¢+ cosgg /2" *t! k%# (3)
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Thetotal phaometric signd isthe sum of thesignals from theindividud faces:
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This equaion can befurther evaluaed by subdituting the width of oneface of the prism, 2Rsin(z/N) from reference
[1], where R istheradiusof theendrcling cylinde, and multiplying by the haght of thecylinde, H. We will aso
subditute the symbol, a, for therotation angle, wt.
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where 0#" < N over one period of the rotation cycle. (6)



3. Summation Li mits

The plussign sub<cripts onthe cosnefundionsin the summationin Eq. 5 can beremoved by limiting k£ to values
where thecosnefundionsare postive, or in other words when their arguments are smaller than z/2. This
conditionis expressed by thetwo inequdities:
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Solvingfor £ intheaboveinequdities yieldsthefollowing limitsfor £:
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Since k mug bean integer, thelimits of £ can be expressed as the integer part of these values, i.e.
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Using these limits, the equaionfor the phobmetric signd becomes:
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3.1 Upper Limit

Expanding the uppe limit, &, in Eq. 11, yields

k< it N _Ne @ (12)
4 4z 2x/N

Thetermsingdetheinteger fundion can beexpressed as the sum of an integer part and afractiond part, eg.,

0:‘ e frac%f (13)

E:Int
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where thefractiond part is greater than or equd to zero, but isless than unity, i.e.

0 fracg‘ﬁf't< 1 (14)
o "



Using this formalism, the uppe limit becomes:
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Note from Eq. 6, tha thelast term containing a, by definition, only has afractiond part. Theinteger parts within
theinteger fundion can beremoved yielding:

k, = Int(%) - Int(g—f:) + Int( frac( E ) - frac( 1?) ZnO;N ) (16)

Thisworks as long as thesum of thefractiond parts within theinteger fundionin Eq. 16 is postive. When thissum
isnegdive, it pulls oneof theinteger parts bdow thethreshold level. Sincethese integer parts were aready
removed fromtheinteger fundion, this effect can be accounted for by propely defining the behavior of theinteger
fundion for negaive arguments, while not changing the opeation for postive arguments. For example,

ol for %dl$ f <0

| t(f)—#o or L% (17)
0 for 0% f<1

Therationdefor Eqg. 17 istha adight negative fractiond sumwill pull theinteger parts bd ow theinteger threshold,

while adight postive fraction will not push the number into the next integer. To simplify the notation, theinteger
term, 7, and fractiond term, f, are defined by:

ky =1 +1nt(f) (18)

whee
| = |nt§‘—f”( |nt§‘%fE (19)
and
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Thefirst term in Eq. 20, frac(N/4), can only have one of four values, 0, %, %, and %, while the other two terms vary
continuousy between 0 and 1. From Eq. 20, therefore;
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and therefore theinteger pat of fvaries between:

-2<Int(f)=0 (22)



This meanstha Int(f) hasthevalues, -2, -1 and 0, when the following inequdities hold:
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Thisresultsin six inequélities that restrict %6 By solving for %in each of thesix inegudities, thefollowingistrue
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These are expressed graphically in Figure 2, showing the values that In#(f) takes in different regionsof !, degpending
ontherelationsip of thetwo fractionsin Eq. 24.
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Figure 2. Theinteger part of thefraction takes on specific values depending on the value of « and the two fractions

This graph shows that theuppe limit will betheinteger part, 7, from Eq. 19 minusa small number depending onthe
rotation angle and thevalue of the solar phase angle.



3.2 Lower Limit

Similarly, thelower limit, k;, in Eg. 11, can beexpanded:

N, N %
k1=(Int%( ViR 2)/Nf

In asimilar manne, thelimit can be separated into integer parts.
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Note that thisis notthe same expression as in Equations18 through 20.
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Since thefractionsin Eq. 29 vary between 0 and just lessthan 1, thefraction, f; isrestricted to therange:
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and therefore theinteger pat of fvaries between:
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-1 -1+ frac(%) < frac(%) - frac(&% ¢ . 0

47 ) 2x/N

Int(f)=1 o 0= frac{ V) - fra N2) ¢
4 47 ) 2x/N

1 1= frac(ﬁ) - frac(&) +
4 4

N
<1+ frac| —
27/N 4

(30)

(31)

(32)



Thisresultsin six inequélitiesthat restrict %6 By solving for %in each of thesix inegudities, thefollowingistrue
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These are expressed graphically in Figure 3, showing the values that Int(f) takes in different regionsof !, degpending
ontherelationsip of thetwo fractionsin Eq. 33.
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Figure 3. Theinteger part of thefraction takes on specific values depending on the value of o and the two fractions

This graph shows that theuppe limit will betheinteger part, 7, from Eq. 28 plusa small nunmber depending onthe
rotation angle and the value of the solar phase angle.

3.3 Combined Limits

Note to equae the uppe and lower limit fraction ranges, the uppe limit will beadjuged by -1. Therefore, the
summationswill be defined to rangefrom limitsk; to k,, where:

ky=—1-4 (34)

and
ky=1-1+B (35)

Thecongant, 4, isshown in Figure 3 and B-1 isshown in Figure 2. Thevalues of 4 and B depend onthe
relationghip of thetwo fractionsand the value of a.



If weddine

= abs%‘frac%f( frac§™ i’ (36)
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then, in Figure 4, we can see tha when frac(N/4) < frac(NC/4r), there are two threshold values creating three
regionsof o where thelimits are congant. Thetwo threshold valuesare f'and /-f. For thetwo casesof f< % andf &
% the condants 4 and B have thefollowing values:
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Figure4. Thevaluesof 4 and B, when frac(N/4) < frac(NQ/4x), for f < % (left) andf &% (right) .

A similar result occurs for the case of frac(NQ/4r) < frac(N/4). Inthis case, theright hdves of Figures2 and 3
describethethresholds The same threshold defined in Equaion 36 is used and shown in Figure 5.

y 0 1 0 1
e > ~N — Y - ~
FR g T Ny 1
If If
B 1 0 1 0
A
y - ~ e - ~ \
2"IN ! 5N |
0 ; 1 0 r 1

Figure 5. Thevaluesof 4 and B, when frac(NQ/4r) < frac(N/4), for f< % (left) and f & (right) .



Thetwo condants 4 and B have thefollowing values:

L0 1 for 0(——(f 0 1 for 0(—F—<1)f7
I 2% /N X 2% /N I
{r B)=, for f<—t _<1) i for 1) f (=2 ( 3 (38)
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wheretheleft haf isfor £ < /% and therighthdf isfor f & %2. Theequaion for the phobmetric signd becomes:
k

_ TR 2* 6 2*$

t)=2RH sin%—"1 cosy) /2++ +k=——Pcost) /2( + ( k=— 39
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where ky =!11 A k,=111+B (40)

4. Evaluation of the Summation

The cosnefundionswith the summation now can be further smplified usng the following relationship:
a : 1 a1
cos(" +1 )eos(" #! )= Ecos(z )+§cos(2' ) (41)

This relationghip is easy to show by expanding theprodud of thetwo cosnes and combining terms. Using this
relationghip, the phobmetric signd becomes:

' ks , ky '
p(t)=RH sing{qz!:klcos(( )+RH sinog%:g:klcoso&ﬂ* Tk % i @2

where thelimits of the summationsare defined in Eq. 40 and thevalues of 4 and B are summarized in Table 1.

case | A | B o/2/N | frac(N/4)<frac(NC/4rw)
2 |-11 0| 0sa<f |f<h
1 0|0 | fSa<If|f<h
3 O |-1|If<a<l|f<h

2 |10 |o<a<i-f|r&s
4 [A|-1] If<a<f|fé&r
3 [0]-1] f<a<1 |ré&%

frac(NQ/4m)<frac(N/4)

6 | 0| 1| 0O<a<f |f<#
1 0|0 |f<a<iflf<b
5 |1]0]if<a<1i|f<h

6 O|1|0<a<I-f|f&%
7 11| If<a<f|f&%
5 110 f<a<l |f&%
Table 1. Thevauesof 4 and B, for the 7 different cases.




Ignoiing the condant in front, the phaometric signal in Equaion 42 congsts of two summations oneover a
condant and oneover avariable. Thefirst summationis:

ka

2 cos(@)= cos(@ )k, - k, +1] (43)
k=ky

or
k

,2(:08(9): cos(QIZ[ +A4+ B] (44

=k
The second summation can be expanded usng theexpanson for the cosne of the sum of two angles.
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I COMR* + N o cos(2* )| cosOék (sm( ) SmékN# (45)

k=ky k= k=ky

The summationson theright-hand side of Eq. 45 can befurther reduced by subdituting thelimits from Eq. 40. The
summation over thesinefundionis:

k I 1+B
| sin(k#)= | sin(k#) (46)
keky k="1" A
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(‘2 sin(k) )= 1( 1 sin(k) ) Asin% +(AT+1)F5 f+Bsin§£ +(BTI)1&5 r (47)

k=k, k=1

Thisformulation works, because the condants 4 and B havethevaues-1, 0 or 1. Since adll butoneof thesine
terms, in thesummation in Equaion 47, cancel with ther negdive counerparts, this equaion becomes:
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( sm(k))— sm([)) Asn%’ (A 1)6 ft+Bsm%I (B 1)6 (48)

K=k

Similarly, the summation over thecosnefundionis:

k, I"1+B
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k=k, k="1"4
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(k2 cos(k) )= 2I(' 1 cos(k) )+cos(l) ) 1+ Aco% +(AT+1)6 f+ BCO%:I +(BTl)ﬁ ft (51)

K=k,

Theonesided summation over the cosnefundion has thefollowing solution[2, 3]:



' sn%#coeﬁ;‘(lil#
( coslly) )- —2——~ (52)
k

=0 sin(%(%ft

Subdituting Eq. 52into Eq. 51is:

s &) ool 1)
( cos(k) )= Zsm%z CZF 2 “reos() ) 1+Aco%l (a+ 1)6 +Bco§l (8 1)61#
=y sin

(53
Expanding the cosnefundion and combining thetermsyields

b sin cos@
( cos(k) )=2————— & “)

. (a+np (B 1)1#
L Sm@ Aco% )f Bco% ) (59

Substituting Equaions54 and 48 into Equaion 45 and combining all thetermsyields

. coé‘z* ) #
( cos(2* +k) )=—2 =

@ 2" sin(1) )+Aco§2 §1+ (A+1)f5 ]#

+ BCO%/‘OZ) +(;§;(I) +(BT]')T¢(T}E (55)

Subdituting # = 4!/ /N and usng that I = Int(N/4)-Int(N€/4r) gives.

2
kicog(zw%):i_lgj(zﬂ; o1 ) e -1 )
N

+ Bcosd2) &y ® 1)1#4(]# (56)

% %

Togeher with Equaion 56, the photometric signd from Equaion 42 becomes:

K, 40
p(t)= RH sin* N)&os( J2I + A+B)+ . cost21 +k— N )'

% k/kl

(57)



From Table 1, it can be seen tha there are 7 cases to condder. For each of the seven cases, thevalues of A and B
are subdituted into Equaions56 and 57 and the common terms are expanded and re-combined. When thisisdong
thefundionsthat result are listed in Table 2, bdow. Theseven individud cases are indicated with the appropriate
subgript.

Al B Fundion
o | o pl(t):RHsiner/N{zms(e)+% o)

1| 0 | pal)=RAsng /N - o )s 0025273 (/y)@#
o | 4| ml)=rsneny o -es(e)- e (- 1))

1| p4(t):RHsinQ/N)gJ21-z)cos(. )+%//2Z/V/)N) *(1 1)ﬂ)#

1] 0 ps(t):RHsinQ/N)%2I+l)cos(. )+%_4//NT) Q/)‘L)#

sin(2/ /N
o | 1 pe(t):RHsin(./N)%Zl +1)oos(. )+ COE(Z;N) an( + y)‘U#

1 1 | @)= RHsin(//N)g?I +2)cos(. )+ %/?]/\/)N) *(I +1)ﬂ)#

Table 2. Thefundionsfor each of the7 different sets of values of 4 and B.

From Table 2 above it can be seen tha al of thefundionsare of theform of cos(2a). Some of the cases are of this
form, but shifted by an amountequd to 2z/N, thelength of the periodicity of thesignd. Dueto the symmetry of the
cosnefundion aroundzero, theshifted fundionsare just the mirror image of the unsifted fundions

5. Regions of Validity

Theregionsof validity of these different cases are derived from theresultsin Table 1. It can be seen tha the
fundionsgroupin threes, depending on therelative values of thetwo fractionsin Eq. 36. In addition, those groups
of three fundionsare valid in three regionsof «, aso defined by thesame relationship. Thevalues of thefundions
are dependent ontheinteger parameter, 7, defined in Eq. 19. For clarity, those equaionsare repeated here:

— N NP
| Int%z;l ( |nt§/‘o4—'_| (19)
f= abs( frac( ) frac( Nf: )) (36)

To better undestand these relationships, we will definethe number of faces, &, in thefollowing manne:

N=4Q+q (58)



where Q and g are both integers. Clearly, they arerelated to theinteger and fractiond parts of N/4 by:

N —
Int(Z) =Q (59)

and
N
frac¥ =9 (60)
Sl
Theseinteger and fractiond parts only depend onthe number of faces of theprism. The othe integer and fraction

fromEqgs 19 and 36 depend directly onthevaueof the phase angle, Q.

To study thefractiond pat, frac(NQ/4x), a schematic plotis shown in Figure 6. Thefractionwill be zero at Q=0
and will increase linearly until thefractiond argument equds unity. At that point, the phase angle hasthevaue

w=r (61)

Thevalue of thefraction at tha location dropsback to zero. This behavior repesats, as % increases, dropping back to
zero at multiple points where theargument of thefractionis a multiple of thevaluein Eq. 61. These phase angles
are

4
"=k— 62
N (62)

where k isan integer. ThishgopensQ times, until thelast drop occurs at k=Q, where thephase angleis:

_ 4 _ O \_ (Q+q/4-q/4)\_
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Thelast region continues to increase linearly until Q=z, where
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1.0 0
e e B AR R SRRV RS --- =
— ¢ — @
0 4u/N k4x/N  w(1-g/N) " 0 4/N kdx/N  m(1-g/N) "

Figure 6. Thevaluesof 4 and B, when frac(NQ/4r) < frac(N/4), for f< % (left) and f &% (right) .



Theinteger vaue /7, isaso plotted in Figure 6. From Eq. 19, it can be seen tha at Q=0, thevalue of Int(NQ/47)=0
and therefore thevalueof 7 is:

| = mtﬁﬂf‘( |nt§‘N—ft=Q (65)
WA uA) "
Thevalueof I remainscongant until Q=4z/N, where thevalue of Int(NQ/4x)=1 and theinteger, I, dropsto O-1.

This happens several times at each multiple of 4z/N. Thevaueof 7 findly dropsto zero at Q=n(1-¢/N).

In terms of these alternae variables, I can bewritten as:

N

I —Int%— N( P
&4

| Intoast Q! k (66)
&4) #

where Osst

Thevariable kisjud theindex of the O+1 regionsstarting with 0 at theleft and ending with O ontheright. This
formulation of theinteger, 7, can be subdgituted into thefundionformslisted in Table 2. Theinteger, 7, occursinthe
form of sin((I+a)47/N), wheea = 0, +7, £1. Substituting Eq. 66into thesinefundionyields

sn§(|+aFF—sn§(Q k+a)—#-sm§(§‘(Q+q/4 /4’ k+a) f# (67)

N/4 N/4

=sin[yr(Q+q/4— (k+q/4‘“))] =sin(n—(k+CI/4—a)4W”) =sin((k+q/4—a)47ﬂ) (69)

In other words the quantity, I+a, isreplaced by k+q/4-a. With this change the 7 fundionsbecome:

A B Fundion

0 | 0 | BO=RH sl /N oo >+%?W%T/N)sn*<k+q/4)

1| 0| 0= sl st o DO s e YO

0 | 1| Pl)=Risnle/N) @1 -Decse) %ﬂ@sn(w% 5

1| 1 P4(f):RHSin(//N)%ZI-2)cos(.) %sm*gﬁ /4+1)_(|

1| o | ps)=RHsng /N 21 +2)cos(, )+ cos(20 - 4/ /N )sm*(<+q/4 %ﬂ)#
%

sin(2/ /N)

o | 1 pG(t)=RHs-n(n/N)[(2|+1)cos(g) C"(Sz(j7|3)sn(@+q/4 yz)&ﬂ

1 1 p,(t)= RH sin(n/N{(ZHZ)cos(Q) COS(2()£—2‘7r/'\l)sm((k q/4- 1) H

n(27/N)

Table 3. Thefundionsfor each of the7 different sets of values of 4 and B.



Theranges of solar phase angle, Q, for which these fundionsare valid are defined in Table 1. Theranges of « for
which thefundionsare valid depend onthefractiond parameter, £, tha isdefined in Eq. 36. An expanded version
of Figure 6 isshown in Figs 7 and 8, where theregions of phase angle where thefundionsare valid are shown.
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Figure 7. Theregionsof validity when ¢ < %.
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Figure 8. Theregionsof validity when ¢ > %.

Thetwo figures above Figs 7 and 8, show four regions which are ddineated by whether the difference of
frac(N/4)-frac(NQ/4x) is postive or negative and by whether the absolute value of thedifferenceislessthan or
greater than %.

For an even number of faces, when ¢=0 and g=2, only two regionscan occur as the phase angle changes. For an
odd number of faces (the cases shown above), when ¢g=1 and g=3, then three of thefour regionsare valid asthe
phase angle changes.



6. Simulation

A simulation was performed to compare the nunerical evaludion of Equéaion 5 with thetheoretical results from
Tables1 and 3. Thephase anglewas varied in 100equd increments from 0 to z. For each value of phase angle, the
rotation angle was varied in 1,000 equd inaements of therotation angle, «, from 0 to 2z/N.
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Figure 9. Theoretical result versussimulation. The simulation for N=4 is plotted, ontheleft, in red linesand the
theoretical result with blue points. Thetwo agree so well, tha only oneisvisible. On therightistherange i.e.
pesk-to-troughvaue asafundion of phase angle.
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Thecodeto generate thefollowing figuresis given in Figure 13. Thecase of N=4 isshown in Figure 9. Theblue
lineisthetheoretical result from Table 3. Theharizontal axisisthe phase angle expressed in degrees. Each cycle
visblein thisfigure isasingle cycle of therotation angle, «, for adifferent value of the phase angle. Itisclear that
asthephase angle increases, the phobmetric signd decreases, until it goesto zero at a phase angle of .

It is also appaent tha therangeof thesignd (thedifference of the maximum and minimum values over onecycle)
changes with phase angle. Itissmall for small phase angles and aso for large phase angles. It ismaximumat 90
degrees. Therangeis plotted ontherightside of Figure 9.

Theblack lines, ontheleft in Figure 9, indicate which theoretical fundionwas used to plot the blue points. On the
left of thefigure, theblack lines vary between 2, 1 and 3, showing tha the (p,, p;, p;) triplet was used to calculate
thevalues. Ontheright side the (p,, p., p3) triplet was used.

For this case, N=4, theinteger and fractiond parts of N/4 are =1 and¢=0. Tha meanstha dl of the |eft part of
Figure 9 correspondsto oneregion in the phase angle space, specifically k=0. From Figure 7, when ¢=0 these two
triplets are the only ones needed to describethefunction across @l values of the phase angle.

In Figure 10, the case of N=5 isshown. For thiscase, Q=1 and ¢=1. Theoccurrence of triplets, as shown onthe
left in Figure 10, correspondsto the arrangement shown in Figure 7. In therangeplot, ontherightside of Figure 10,
there are two peaks. By comparing thetwo plotsin Figure 10, it can be seen that the maxima occur a thejundions
where thetriplets change These locationsare also where /=0 and f=%. FromFigure 7, theangular separation
between thelocationsof /=0 andf=/: is equd to 2z/N.

Figure 11 and 12 show theresults for cases N=6 and N=7. For both of these cases, 0=1, butg=2 and ¢=3,
respectively. Thearrangement of thetriplets agrees with thediagramsin Figs 7 and 8. Also, thelocationsof the
pesks correspondto thelocationswhere /=0 and /=%. This distance agrees with the angular separation of 2z/N,
indgpendent of thevalueof N. Asthenumber of faces increases, the separation between the peaks decreases.
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Figure 10. Theoretica result versussimulation for N=5.
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Figure 11. Theoretical result versussimulation for N=6.
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Figure 12. Theoretical result versussimulation for N=7.



7. Simulation Code

% spinning_piism.m
% This script plots simulation vs. theory for a spinning prism

cycle = zeroq1,100000)
range= zerog11,100)
left = zeroq1,1000)
right= zeroq1,1000)

forN=4:11

Q =floon(N/4);
q=N-4*Q;
frac_ N =qg/4;

for m=0:99
% Single facet
phase_angle = m*(pi)/100;
albedo_aea = sin(pi/N);
angle facet = 2*pi/N;

% Do 1000samples per cycle

theta = repmat(2*pi*[0:(N-1)]'/N,[1 100Q)+repmat([0:999}2*pi /(1000*N),[N 1]);
obsrver = cogphae_angle/2+theta);

sun = cogphase_angle/2-theta);

diffuse = sum(albedo_aea*observer.*(observer > 0).*sun*(sun> 0));
cycle(1000*m+1:1000*(m+1)) = diffuse;

% Calculate therange

maxv = max(diffuse(?));

minv = min(diffus());
ranggN,m+1) = (maxv-minv);
real_max(m+1) = max(diffuse(?));
real_min(m+1) = min(diffuse(®));

% Theoretical Curves

k =floar((N*phase_angle)/(4*pi));
frac_NOmega= (N*phase_angle)/(4*pi)-k;
f = abgfrac_N-frac_ NOmega);

I=Qk

P1 = 0.5*sin(pi/N)*( 2*I*coqphase_angle)+coq2*[ 0:99912*pi /(1000*N)-2*pi/N)*sin(1*4*pi /N)/Sn(2*pi/N));
P2 = 0.5*sin(pi/N)*((2*1-1)*cogphase_angle)+cog2*[0:999]2*pi /(1000*N))*sin((1-0.5)*4*pi /N)/sin(2*pi/N));
P3 = 0.5*sin(pi/N)*((2*I-1)*cogphase_angle)+cog2*[ 0:999]2*pi /(1000*N)-4*pi/N)*sin((1-

0.5)*4*pi IN)/sin(2*pi/N));

P4 = 0.5*sin(pi/N)*((2*1-2)*cogphase_angle)+cog2*[ 0:999]2*pi /(1000*N)-2*pi/N)*sin((1-

1)*4*pi IN)/sin(2*pi/N));
P5 = 0.5*sin(pi/N)*((2*1 +1)*coqphase_angle)+coq2*[ 0:999}2*pi /(1000*N)-
4*pi/N)*sin((1+0.5)*4*pi /N)/sin(2*pi/N));

P6 = 0.5*sin(pi/N)*((2*I +1)*coqphase_angle)+cog2*[ 0:99912*pi /(1000*N))*sin((I+0.5)*4*pi /IN)/sin(2*pi/N));

P7 = 0.5*sin(pi/N)*((2*1 +2)*coqphase_angle)+coq2*[ 0:99912*pi /(1000*N)-
2*pi/N)*sin((I+1)*4*pi/N)/sin(2*pi/N));




% Pick the prope fundions
if frac_N < frac_NOmega
if f<0.5
left = ((0:999)Y1000 < f;
right = ((0:999/1000)>= 1-f;
theory(1000*n+1:1000*(m+1)) = P2 *| eft+P1.*( 1-left).* (1-right)+P3.*right,
number(1000*m+1:1000*(M+1)) = (0.2).*l eft+(0.1).*( 1-left).*( 1-righ)+(+0.3).*right;
else
left = ((0:999)Y1000 < 1-f;
right = ((0:999/1000)>=f;
theory(1000*m+1:1000*(m+1)) = P2 *| eft+P4.*( 1-left).* (1-right)+P3.*right,
number(1000*mt+1:1000*(M+1)) = (0.2).*l eft+(0.4).*( 1-left).*( 1-righ)+(+0.3).*right;
end
else
if f<0.5
left = ((0:999)Y1000 <=f;
right = ((0:999/1000)>= 1-f;
theory(1000*n+1:1000*(m+1)) = P6.*l eft+P1.*( 1-left).* (1-right)+P5.*right;
number(1000*mt+1:1000*(M+1)) = (0.6).*l eft+(0.1).*( 1-left).*( 1-righf)+(+0.5).*right;
else
left = ((0:999Y1000 < 1-f;
right = ((0:999/1000)> f;
theory(1000*m+1:1000*(m+1)) = P6.*l eft+P7 *( 1-left).* (1-right)+P5.*right,
number(1000*mt+1:1000*(M+1)) = (0.6).*l eft+(0.7).*( 1-left).*( 1-righ)+(+0.5).*right;
end
end
end

% Thetheory fundion has exceedingly small negaive values
theory = theory.*(theory > 0);

% Plot theresult

figure;

plot(1.8*((1:100000)1)/100Qcycle,'r',1.8*((1:100000) 1)/100Qtheory,'b.",1.8*((1:100000)
1)/1000nunmber,'k',' linewidth’,2);

title(sprintf('Sides=%g',N));

xlabd('Phase Angle (degrees));

ylabd('Photometric Signd’);

axis square ;

figure;

plot(1.8*((1:100)}1),rangeN,:),"r', linewidth',2);
title(sprintf('Sides=%g",N));

xlabd('Phase Angle (degrees));
ylabd('Rangé€);

axis square ;

end

Figure 10. Matlab script to generate figures comparing the simulation with the theoretical results.




8. Conclusions

A spinning n-sided prism has been shown to produce a phobmetric signd that is periodic. Given that al faces of the
regular prism have the same reflectance, theangular period of thesignd isequd to 2z/N, i.e. itis N times smaller
than thetruerotation period.

Therangeof thesignd (peak-to-troughvalue) has been shown to vary significantly with phase angle. Thereisan
overall decreasein therangeof thesignd asthe phase angleincreases. Althoughnot shown here, it can be shown
that as N goesto infinity, in thelimit, thephobmetric signd isidentical to tha of acylinde.

Therangeof thesignd has also been shown to vary periodically with phase angle. Theperiod of thisvariation, i.e.
the distance between pesks, isequd to 2z/N. If it ispossible to detect 2 or more peaks in therangeof thesignd,
then it should bepossible to extract the number of faces of the prism.

In asimilar manne, onecan determine how much of achangein phase angle is needed to detect the number of
faces. For example, if the prism has 8 faces, then theangular separation between peaks in therangewill be /4, or
45 degrees. To becertain of detecting multiple pesks for an eight-sided prism, therefore, oneshould measure the
phobmetry over a changeof phase angle of at least 90 degrees.

This result is theoretical and should be used to better undestand the nature of the phobmetry of a spinning prism.
Thetheory has yet to betested on actud dda, so asyet, no condusonscan bedrawn as to thepracticality of the
methodfor determining the number of faces on a spinning, regular n-sided prism.

9. References

1. Knox,K. T., QResolving Rotationd Ambiguities for Spin-stabilized SatellitesQ 2008 AMOS Technical
Conference, pp.366-379,(2008.

L. B. W. Jolley, Summation of Series, Dover Publications Inc., New York, NY, p. 78 (1961)
Thesolution given in reference [2] for Equaion 196 iswrong. The correct solution was determined from
Mathematica and confirmed by recursion.

wn



