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ABSTRACT
Accurate and efficient orbital propagators are critical for space situational awareness because they drive uncertainty propagation which is necessary for tracking, conjunction analysis, and maneuver detection. Existing sigma
point- or particle-based methods for uncertainty propagation use explicit numerical integrators for propagating
the closely spaced orbital states as part of the prediction step of the nonlinear filter (e.g. the unscented Kalman
filter, Gaussian sum filter, or particle filter). As such, these methods cannot exploit the proximity of the orbital
states, and each orbit is propagated independently. To remove this limitation and enable the orbital states to be
propagated together, we have developed an implicit Runge-Kutta-based method for uncertainty propagation, and
consider the propagation of the 13 sigma points needed to represent uncertainty (of a six-dimensional Gaussian
state) in the unscented Kalman filter. In some cases, we can propagate uncertainty using the new propagator at
about the same computational cost compared to that of propagating a single orbital state, even before the algorithm is potentially parallelized. The new propagator is applicable to all regimes of space, and additional features
include its ability to estimate and control the truncation error, exploit analytic and semi-analytic methods, and
provide accurate ephemeris data via built-in interpolation.

1. INTRODUCTION
Systematic and robust uncertainty quantification is a necessary part of future space surveillance and reconnaissance efforts. New computational methods are needed to mitigate the cost of uncertainty propagation, one of
the major computational demands in a tracking system. In a companion paper [1], we demonstrated the use
of implicit Runge-Kutta methods for accurate and efficient orbit propagation. Here, we demonstrate the use of
implicit Runge-Kutta methods for accurate and efficient uncertainty propagation. The use of implicit, rather
than explicit/multistep numerical methods for orbit and uncertainty propagation marks a paradigm shift in
astrodynamical algorithms.
The general framework for the problem of estimating the state of an object and its uncertainty (i.e. its
probability density function) in the presence of uncertainty in the dynamics, model parameters, and initial
conditions is that of the general Bayesian nonlinear filter [2–4]. The Kalman filter optimally characterizes the
state and uncertainty in the linear Gaussian case [5] and the extended Kalman filter approximately characterizes
the state in the Gaussian and (mildly) nonlinear case [2, 3]. Higher order filters can also be employed to
improve the characterization of the state. The uncertainty propagation component of these filters uses the
Ricatti equation or a higher order Ricatti equation (e.g. the covariance matrix associated with the extended
Kalman filter is obtained as a solution of the Ricatti equation).
A different class of methods starts from the representation of the initial probability density function by a set
of particles or states, propagates the ensemble of particles through the differential equation defining the dynamics
over some period of time, and then recovers the characterization of uncertainty at the end time∗ . The particles
can be chosen randomly through sampling techniques as in Monte Carlo methods (e.g. particle filters) [6, 7] or
deterministically as in the unscented transform of the unscented Kalman filter [8, 9] or higher order methods
based on Gauss-Hermite quadrature [10], or as in the new GVM filter of Horwood and Poore [11]. Gaussian sum
filters and generalizations using mixtures can also utilize the unscented Kalman filter as the basis for propagating
the individual probability density functions [10,12–14]. Grid methods [15] represent the uncertainty through the
propagation of particles and the subsequent recovery of the uncertainty. Ultimately, either the Fokker-Planck
equation (for the continuous time dynamics) or Chapman-Kolmogorov equation (for the discrete time dynamics)
∗

The propagation of a given state is equivalent to solving an initial value problem (IVP).

govern the evolution of the probability density function. In the former, this parabolic partial differential equation
can be solved by the method of lines in which the spatial variables are discretized with the time variables remaining
continuous, resulting in an ensemble of IVPs [2]. Finally, in addition to the general nonlinear Bayesian filter,
the Probability Hypothesis Density filter and its generalization, the Cardinalized Probability Hypothesis Density
filters [16] can make use of Monte Carlo methods with the corresponding propagation of an ensemble of particles.
Thus, a large class of methods for propagating a state and its uncertainty require the propagation of an ensemble
of particles or states through the nonlinear dynamics. Once recovered and characterized, the uncertainty can
be used to update a nonlinear filter, to compute a likelihood function or ratio for data association [17, 18], to
compute a probability of collision in conjunction analysis [19], to assist with the detection of anomalies such
as maneuvers [4], and to provide state uncertainty for sensor resource management [20]. It is to this class of
methods to which the present approach applies.
Traditional algorithms for propagating an ensemble of states are based on explicit numerical methods [7, 21].
As such, they solve each IVP independently from one another, regardless of the proximity of the initial conditions,
by calculating the state of a system at a later time from the state of the system at an earlier time. Hence, even
if two initial conditions differed by an infinitesimal amount and the solution to the first IVP is known because
it had already been computed, current approaches would not be able to exploit this information in order to
solve the second IVP in a more computationally efficient manner. Since the IVPs that arise in uncertainty
propagation usually contain initial conditions that are closely spaced about some estimate of the current state,
new approaches, like the one presented in this paper, are needed that can reduce the computational cost of
uncertainty propagation by exploiting such proximity.
The organization of this paper is as follows. In Section 2 we introduce a new technique for uncertainty
propagation, one that uses Gauss-Legendre implicit Runge-Kutta methods. In Section 3 we provide a proof-ofconcept and compare the performance of the new propagator to existing methods for uncertainty propagation.
Finally, Section 4 provides concluding remarks.

2. METHODS
Unlike explicit/multistep numerical methods for solving initial value problems (IVPs), implicit Runge-Kutta
(IRK) methods solve an IVP by calculating the state of a system at a later time from the state of the system
at the current time, together with the state of the system at future times. This gives IRK methods superior
stability properties and allows them to take larger (and fewer) steps than taken by their explicit/multistep
counterparts [22, 23]. However, a nonlinear system of equations must be solved on each step, meaning that more
work is done per step† . While this is a disadvantage for implicit methods in general, for the two-body problem
this disadvantage is largely mitigated by the availability of approximations to the solution [21, 24] that can be
computed efficiently and used to warm-start the iterations [1, 25–27], thereby reducing the number of iterations
needed for convergence and lowering the computational cost of orbit propagation.
The ability to provide an initial guess for the solution of the nonlinear system of equations that arise during orbit propagation can also be exploited in the context of uncertainty propagation, wherein multiple orbital
states in close proximity must be propagated. Rather than propagating each particle or state independently,
information from the first propagation can be used to reduce the computational cost of each remaining propagation. Specifically, the new propagator solves one of the IVPs using an adaptive Gauss-Legendre IRK (GL-IRK)
method, and the resulting trajectory (i.e. the state of the object throughout the propagation) is recorded. The
system of equations that arise on each time step of the GL-IRK method are solved using iterative methods. The
remaining IVPs are solved using the same GL-IRK method and time steps, together with the recorded trajectory
from the first propagation, which is used to hot-start the iterations. Note that the first propagation need not be
complete before the remaining propagations are initiated. Rather, after the first step of the first propagation is
accepted, the remaining propagations can take that the same step. Hence, the states can be propagated together.
There are three reasons why the remaining states can be propagated more efficiently using the present
technique. First, because the recorded trajectory from the first propagation and the unknown trajectories are
†
Depending on the implementation of IRK, the work required to solve the nonlinear system of equations can be
distributed across multiple processors.

close in proximity, convergence of the iterations within the remaining propagations is faster than had a trivial
guess for the trajectory been provided. Second, the error estimates may be re-used, and third, steps will not
be rejected. Hence, the computational cost of propagating each of the remaining states is significantly reduced
from that of propagating the first state. Uncertainty in the object’s state can be characterized at a fraction of
the cost. The decision-maker has more time to act, or alternatively, the decision-maker can use the tracking or
resource management system to handle more complex scenarios in the same amount of time.
Three additional comments regarding the performance of the new propagator should be made. Since each of
the remaining propagations is faster than the first propagation, the new propagator strives to propagate the first
state as efficiently as possible. Details are provided in Aristoff and Poore [1]. Another observation is that the cost
of uncertainty propagation on a per particle basis decreases with increasing particle number, provided that the
particles remain in close proximity. Finally, the new propagator is adaptive in that the numerical (truncation)
error arising on each step of the propagations is estimated and controlled by adjusting the time step. In doing
so, the propagator does just the right amount of work for a given accuracy requirement, and accuracy can be
traded for speed and visa-versa.

3. RESULTS
In this section, we analyze the performance of the new propagator by propagating objects in low Earth orbit
(LEO), geosynchronous orbit (GEO), and highly elliptic orbit (HEO). We first demonstrate the extent to which
the computational cost of uncertainty propagation can be reduced by exploiting the proximity of the states
within an initial value problem ensemble. We then compare the performance of the new propagator to that of
existing methods for uncertainty propagation. In each of the tests, truth is generated using a high-accuracy‡
50-stage Gauss-Legendre implicit Runge-Kutta (GL-IRK) method, and the number of high-fidelity force-model
evaluations, the dominant computational cost of orbit propagation, is used to quantify the cost of orbit propagation. A degree and order 32 gravity model is used for objects in LEO and HEO, and a degree and order 8
gravity model is used for objects in GEO. On each step of a given method, we require that the relative error in
the 2-norm of the position of the object fall below a user-specified relative tolerance. Hence, the propagation is
adaptive, variable-sized time steps are taken in order to control the error per step. For the first propagation,
J2 -gravity is used to warm-start the iterations for the stage equations. For the remaining propagations, the
recorded trajectory from the first propagation is used to hot-start the iterations.

3.1 Proof of Concept
As proof of concept, we propagate the uncertainty in the state of an object in LEO, the orbital elements of which
are given in Table 1 (Scenario 1). The orbit is propagated for 4.5 hours, or approximately 3 orbital periods.
Figure 1 demonstrates, for a given global accuracy (i.e. error in final position), the cost of propagating the first
state and each remaining state (the number of which depends upon the way in which uncertainty is characterized)
using an adaptive GL-IRK method. A quadratic-least-squares-fit to each of the data sets is shown. By exploiting
the proximity of the orbital states, the computational cost of propagating each remaining state is less than that
of propagating the first state (solid curve). The dashed and dashed-dotted curves provide bounds on the cost of
propagating each remaining state. At best (dashed curve), only a single iteration is necessary to solve the system
of equations for the internal stages. At worst (dash-dotted curve), multiple iterations are required, but no more
than were used in the first propagation over the corresponding time step. Regardless, step rejection does not
occur, and the error estimates from propagating the first state can be reused. As a result, the overall cost of
propagating each remaining state is less than that of propagating the first state, even in the worst case. Had
proximity of the orbital states not been exploited, the cost of propagating each remaining state would equal that
of propagating the first state (solid curve). Hence, the present technique reduces the overall cost of propagating
uncertainty.
‡
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Figure 1. Computational cost of propagating closely spaced objects in low Earth orbit for a given accuracy using the new
GL-IRK-based uncertainty propagator. The cost to propagate the first state in the ensemble exceeds that of each of the
remaining states, bounds of which are given.

Scenario #
1
2
3
4
5
6

Orbit Type
LEO
LEO
GEO
GEO
HEO
Re-Entry

a (km)
6640
6640
42164
42164
26628
6518

e
0.009500
0.009500
0
0
0.7416
0.0003875

i (◦ )
72.9
72.9
0
0
63.4
53.0

Ω (◦ )
116
116
0
0
120
145

ω (◦ )
57.7
57.7
0
0
0
267

M (◦ )
105
105
250
250
144
94.0

orbital periods
3
30
3
30
3
3

Table 1. Initial orbital elements for the orbit propagation scenarios. The first five are taken from [24], the sixth from [28].

3.2 Performance of the New Orbital Uncertainty Propagator
Six realistic orbit propagation scenarios are used to quantify the performance of the new GL-IRK-based uncertainty propagator. The scenarios are replicas of those found in [1], and are listed in Table 1. Although the new
technique for uncertainty propagation is applicable to other particle- or sigma-point-based filtering methods,
we shall consider the propagation of uncertainty via the unscented Kalman filter (UKF), in which 13 sigma
points (or states) are used to represent uncertainty (of a six-dimensional Gaussian state). As in [1], we use GLIRK methods because these methods are A-stable, B-stable, parallelizable, super-convergent, symmetric, and
symplectic. Gold-standard implementations§ of Dormand-Prince 8(7) (DP8(7)) and Adams-Bashforth-Moulton
(ABM), both adaptive step numerical integrators, are used for comparison. DP8(7) is an explicit Runge-Kutta
method, and ABM is a multistep method. For additional information, see Aristoff and Poore [1].
In each scenario, we consider the relationship between the global accuracy and the computational cost in a
serial computing environment. (An additional speedup of 5 to 15 times, corresponding to the number of internal
stages, would be observed for GL-IRK in a parallel computing environment.) As in Section 3.1, rather than
specifying an initial covariance and propagating the corresponding 13 sigma points, we deduce upper and lower
bounds on the cost of uncertainty propagation based on the propagation of the first state in the ensemble. For
reference, 7 digits of accuracy correspond to approximately one-meter accuracy for the object in LEO, and 7.5
§
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digits of accuracy correspond to approximately one-meter accuracy for the object in GEO. For the object in HEO,
7 digits of accuracy correspond to approximately one-meter accuracy at perigee. A quadratic-least-squares-fit to
each of the data sets is shown.
• Scenario 1. An object in low-altitude LEO, together with its uncertainty, is propagated for 3 orbital
periods, or approximately 4.5 hours, using adaptive step-size control. The performance of the new GLIRK-based propagator is summarized in Figure 2(a), and compared to that of DP8(7) and ABM. IRK is
70-80% more efficient than DP8(7) and ABM over the range of accuracies considered.
• Scenario 2. An object in low-altitude LEO, together with its uncertainty, is propagated for 30 orbital
periods, or approximately 45 hours, using adaptive step-size control. The performance of the new GLIRK-based propagator is summarized in Figure 2(b), and compared to that of DP8(7) and ABM. IRK is
75-80% more efficient than DP8(7) and ABM over the range of accuracies considered.
• Scenario 3. An object in GEO, together with its uncertainty, is propagated for 3 orbital periods, or
approximately 3 days, using adaptive step-size control. The performance of the new GL-IRK-based propagator is summarized in Figure 2(c), and compared to that of DP8(7) and ABM. IRK is 90-95% more
efficient than DP8(7) and 75-85% more efficient than ABM over the range of accuracies considered.
• Scenario 4. An object in GEO, together with its uncertainty, is propagated for 30 orbital periods,
or approximately 30 days, using adaptive step-size control. The performance of the new GL-IRK-based
propagator is summarized in Figure 2(d), and compared to that of DP8(7) and ABM. IRK is 90-95% more
efficient than DP8(7) and 80-90% more efficient than ABM over the range of accuracies considered.
• Scenario 5. An object in HEO, together with its uncertainty, is propagated for 3 orbital periods, or
approximately 36 hours, using adaptive step-size control. The performance of the new GL-IRK-based
propagator is summarized in Figure 2(e), and compared to that of DP8(7) and ABM. IRK is 70-80% more
efficient than DP8(7) and 55-70% more efficient than ABM over the range of accuracies considered.
• Scenario 6. A satellite that re-entered the atmosphere, known as ROSAT, the orbital elements of which
are given in Peat [28], is propagated, together with its uncertainty, for 3 orbital periods, or approximately
4.5 hours, using adaptive step-size control. The performance of the new GL-IRK-based propagator is
summarized in Figure 2(f), and compared to that of DP8(7) and ABM. Using the published weight of
ROSAT (2400 kg) we estimate the area-to-mass ratio to be 4.7 × 10−4 m2 kg−1 . This results in a nearly 1
km decay in the altitude of the spacecraft per orbital period when using a Harris-Priester drag model. IRK
is 70-75% more efficient than DP8(7) and 75-80% more efficient than ABM over the range of accuracies
considered.

4. CONCLUSIONS
This paper described a new technique for reducing the time or amount of computation required for solving an
ordinary differential equation having an ensemble of initial conditions as arises in, for example, sequential state
estimation, conjunction analysis, maneuver detection, and sensor resource management. Particular attention
was given to the use of this technique within the prediction step of nonlinear filtering in the context of space
situational awareness, i.e., for orbital uncertainty propagation.
Even before parallelization, the new adaptive-step Gauss-Legendre-implicit-Runge-Kutta-based uncertainty
propagator was found to be significantly more efficient in our test scenarios than adaptive-step explicit and multistep methods often used for uncertainty propagation, specifically, Dormand-Prince 8(7) and Adams-BashforthMoulton (ABM). In some cases, we can propagate uncertainty (via the unscented Kalman filter) using the new
propagator at about the same computational cost compared to that of propagating a single orbital state, even
when restricted to a serial processor. Specifically, a 92.3% savings would reduce the cost of propagating 13
orbital states to the cost of propagating a single orbital state. Table 2 lists the computational savings (relative
to ABM) for uncertainty propagation in LEO (Scenarios 1–2), GEO (Scenarios 3–4), HEO (Scenario 5), and
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(c) Scenario 3: GEO
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(e) Scenario 5: HEO
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Figure 2. Performance of the new Gauss-Legendre-implicit-Runge-Kutta-based uncertainty propagator vs. DormandPrince 8(7) (DP8(7)) and Adams-Bashforth-Moulton (ABM). Computational cost of uncertainty propagation via the
unscented Kalman filter, measured by the number of high-fidelity force-model evaluations (function calls) needed to
propagate the 13 sigma points, versus the accuracy in the final state of the mean sigma point (global accuracy) in a serial
computing environment. An additional speed-up of 5-15 times would be observed for GL-IRK in a parallel computing
environment. Note that the performance of ABM and DP8(7) is comparable in Scenarios 1, 2, and 6, and that ABM
outperforms DP8(7) in Scenarios 3, 4, and 5.

SCE
PCE

Scenario 1
LEO
70-80%
94-99%

Scenario 2
LEO
75-80%
95-98%

Scenario 3
GEO
75-95%
95-98%

Scenario 4
GEO
80-95%
96-99%

Scenario 5
HEO
55-80%
91-99%

Scenario 6
Re-Entry
70-80%
94-99%

Table 2. Summary of computational savings (relative to ABM) for uncertainty propagation in a serial computing environment (SCE) or a parallel computing environment (PCE). The computational savings tend to increase as the accuracy of
the propagation increases or the initial uncertainty in the orbit decreases (i.e. the states become more closely spaced).

SCE
PCE

Scenario 1
LEO
70-80%
94-99%

Scenario 2
LEO
60-70%
92-98%

Scenario 3
GEO
60-65%
92-98%

Scenario 4
GEO
75-85%
95-99%

Scenario 5
HEO
30-55%
86-97%

Scenario 6
Re-Entry
65-75%
93-98%

Table 3. Summary of computational savings (relatve to ABM) for orbit propagation in a serial computing environment
(SCE) or a parallel computing environment (PCE). The computational savings tend to increase as the accuracy of the
propagation increases.

Satellite Re-Entry (Scenario 6) over the accuracy ranges specified in Figures 2(a)-2(f). For comparison, Table 3
lists the computational savings for the propagation of a single orbit (see [1]).
The new uncertainty propagator builds upon the work of Aristoff and Poore [1], who developed an implicit
Runge-Kutta-based method for orbit propagation. In conjunction with the Gauss von Mises framework of
Horwood and Poore [11] (a statistically rigorous treatment of a space object’s uncertainty), the new orbital and
uncertainty propagator can provide a next-generation uncertainty management package for space surveillance.
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