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Abstract

The proposed approach aims to develop a new method of forming and

processing of multiple hypotheses for initial orbit determination using

optical observations. This method allows us to generalize the existing

2-dimensional flat constrained admissible region (CAR) to a unique

3-dimensional (3D) manifold of points corresponding to the pairs of

observed right ascension and declination. Another advantage of this

method is that unlike the existing methods of initial orbit determina-

tion using CAR, the range, range rate and angular rates are computed

analytically using the angle observations, the location coordinates of

the observation station, the semi-parameter and semi-major axis cor-

responding to the CAR. Unlike the existing 2D CAR, the 3D manifold

does not include the pairs of range and range rate that do not cor-

respond to the observed angles and computed range rat and angular

rates. Given the the semi-parameter and semi-major axis, the proposed

approach allows us to analytically compute the orientation angles as



the Keplerian orbital elements, including the longitude of ascending

node, inclination and argument of perigee. The resulting method rep-

resents a new and computationally efficient procedure for multiple data

association processing through multiple hypotheses filter and allows for

an uncertainty quantification.

1 INTRODUCTION

1.1 Orbit determination

A space object’s orbit determination using optical observations is one

of the fundamental problems of astrodynamics [1]. Although there

are many different methods of determining the orbit, the probabilis-

tic approach with multiple hypotheses processing is one of the newest

approaches that have demonstrated their efficiency and reliability [2],

[3]. About a third of 3,032 designated payloads tend to operate in a

limited orbital regime and share that regime with the rocket bodies,

upper stages, and associated debris which put them in orbit, the po-

tential exists that any of these payloads might collide with another

object in orbit. At relative velocities up to 15 km/s, the results of such

a collision would be catastrophic [4]. In the geostationary belt, such

a collision would generate debris which would drift around the belt

indefinitely, putting at risk all other payloads in that orbit. This sit-

uation with possibility of a collision with unknown uncertainty makes



the orbit determination one of the important tasks involving multiple

probabilistic data association [5]. This data association relies on the

utility of the concept of a constrained admissible region (CAR) which

was pioneered in Ref.[6].

Many different nonlinear filtering techniques have been developed up

to date for initial orbit determination purposes utilizing the observa-

tions of various parameters [7]-[9]. Among these techniques, the prob-

abilistic filtering concepts have demonstrated suitability for multiple

data association processing and guaranteed existence of convergence

of the probabilistic parameters [10]-[13]. Moreover, the mixture-of-

experts approach has successfully been developed for near earth and

interplanetary trajectories [14]-[17].

Figure 1: Contours of semi-major axis and eccentricity of a Keplerian orbit.



CAR

Figure 2: Example of orbital constraints to obtain a CAR.

1.2 Remarks about Constrained Admissible Region- Multiple Hy-

pothesis Filter

The Constrained Admissible Region- Multiple Hypothesis Filter (CAR-

MHF) is a new recent approach to the initial orbit determination, and

has been shown viable for initialization of the unknown space objects’

tracks and for association of hypotheses on orbit and drag parame-

ters in the case of a breakup [3], [18]. This is a necessary prerequisite

to completely assess the breakup circumstances. This filter initializes

the orbit and parameter states using only Keplerian orbital motion

parameters. This filter works in the framework of a probabilistic data

association procedure which takes observed parameters with uncertain-

ties and associates them with the pairs of range and range rate from



the CAR thereby forming hypothesized states with uncertainties (see

Fig.1). Here the angular rates are obtained based on the ”smoothing”

technique. But this CAR, which is currently in use, is formed based

on the expressions of the range and range rate in terms of semi-major

axis and eccentricity of a Keplerian orbit [3] (see Fig.2). The contours

of these latter two parameters, computed separately by the range and

range rate, represent boundaries of the CAR. But the components of

the total velocity of the object other than the rage rate are not consid-

ered in the construction of the CAR. The objectives of this study are

to (1) derive analytical computational formulas to compute range rate,

angular rates and the Keplerian orbital elements that can be associated

with or correspond to the optical observations with no measurement

errors and to a given range to the object of interest or its inertial posi-

tion vector magnitude, and (2) create a unique 3D manifold of points

corresponding to the pairs of right ascension and declination observed

at a time instant using all possible boundaries of all orbital elements.

2 DATA MIS-ASSOCIATION IN MULTIPLE DATA

ASSOCIATION PROCESSING

The current version of CAR-MHF has been shown as a powerful tool

for initial orbit determination using optical observations [3], [5]. But it

should be noted that this process accumulates uncertainties inherited

from the observations and data associations from the processing at



previous observation times.

Figure 3: Relationship between the range and range-rate currently in use in CAR-MHF.

Figure 4: Relationship between the position vector magnitude and radial velocity (similar to

range and range rate currently in use in CAR-MHF).



Figure 5: Actual relationships that correspond to a valid pair of α and δ. Range to SO vs range

rate (with larger increments in n)

This filter computes (smoothes) angular rates based on the angle

measurements (right ascension and declination) and time between the

measurements, thereby ”deviating” from the actual instantaneous val-

ues of the angular rates. The errors (differences between these and

actual values) resulting from these computations are incorporated i

nto the hypothesized state vector computations [3].

Note also that when determining an initial orbit through a CAR-

MHF processing, all possible hypotheses created by pairs of range and

range-rate are considered without making a distinction between which

of these pairs may represent an orbit and which pairs are not really

associated with any orbit. This means that 100% certainty is assigned

to orbit hypotheses. However, it is unknown which hypothesized state



Figure 6: Actual relationships that correspond to a valid pair of α and δ. The SO’s inertial

position vector magnitude vs radial velocity (with larger increments in n).

needs to be associated with which pair of the range and range rate.

Another aspect of the current version of CAR-MHF is that the range

and range-rate are computed independently of the angle measurements

to form hypothesized states (see Fig.3). It should be noted that the

similar relationship between the position vector magnitude and radial

velocity (similar to range and range rate currently in use in CAR-

MHF) can be obtained (see Fig.4). Consequently, these hypothesized

states potentially include those pairs of the range and range rate which

are not actually associated with the measurements and the resulting

states. The proposed work will relate these parameters to the angular

observations. In particular, the preliminary studies show a significant



difference between the computation of the range and range-rate inde-

pendently from the angular observations, and the computation of the

range and range rate as a function of the the angular observations.

Indeed, the actual relationships between the range and range rate that

correspond to a valid pair of the angular observation, as well as the

relationships between the object’s inertial position vector magnitude

and radial velocity are given in figures 5 and 6. The differences be-

tween these figures and figures 3 and 4 are obvious. This means that if

a given hypothesis is not valid for this object, then this creates a data

mis-association. This data mis-association then inherently propagates

to the next measurement time, but the existing CAR-MHF does not

quantify the uncertainties as well as the initial uncertainty related to

this data mis-association. Therefore, the existing initial orbit determi-

nation using angular observations carries the uncounted uncertainties

of various origins [5].

3 NEW APPROACH TO MULTIPLE DATA

ASSOCIATION PROCESSING

The proposed work aims to develop a new method of forming and

processing of multiple hypotheses for initial orbit determination using

optical observations [18]. This method is based on the utility of orbital

parameters to create a unique 3-dimensional (3D) manifold of points

corresponding to the pairs of right ascension and declination observed

at a time instant. This manifold represents generalization of the ex-



isting 2-D flat constrained admissible region (CAR) to a 3D manifold.

Unlike the existing version of CAR-MHF and conventional way of orbit

determination, which use two or more observations, the proposed work

uses one observation of the angles, and the proposed manifold does

not include the pairs of range and range rate that does not correspond

to the observed angles and angular rates. Another advantage of this

method is that the angular rates are computed analytically using the

angle observations, location coordinates of the observation station and

Keplerian orbital parameters. The preliminary results include forma-

tion of new forms of hypotheses based on a triple of the parameters

consisting of position vector magnitude, radial and transversal veloci-

ties of an object, derivation of the range and range rate formulas using

the object’s position and velocity as well as the position vector of the

observation station with respect to the Earth’s center of mass, and

derivation of the formulas for the angular rates for the object’s right

ascension and declination angles. These results allow us to form a 3D

manifold bounded by the curves of eccentricity and semi-major axis

of all possible Keplerian orbits thereby improving the accuracy of the

orbit determination. Also, given these two angles at a given time, that

is for a single observation, these results allow us to explicitly compute

the angular rates and range rate, and consequently, to form hypoth-

esized states thereby reducing the time of multiple data association

processing [18]. Consideration of the measurement and other errors in

the analytical formulas obtained in this paper can serve as a starting



point of uncertainty quantification. Future work involves the qualita-

tive and quantitative analyses of the analytical formulas for the orbital

parameters with a priori covariances.

4 ANALYTICAL DETERMINATION OF ANGULAR

RATES

If e and a are the eccentricity and semi-major axis of the orbit of a

space object (SO), and a polar coordinate system Orθ is introduced

with the origin O at the Earth’s center of mass, then it is known that

r =
p

1 + e cos f
, (1)

vr = ṙ = ±
√√√√√µ
p
e sin f (2)

vθ = rθ̇ = ±
√√√√√µ
p

(1 + e cos f ) (3)

where

p = a(1− e2), θ = f + ω,

and r is the position vector of the object, θ and f are the polar angle

true anomaly of the object, and ω is the angular distance of the perigee

of the SO’s orbit. By eliminating f from these three equations, one

can show that

ṙ = ±
√√√√√√µ
p

e2 − p2

r2
+ 1

, (4)

rθ̇ = ±
√
µp

r3
. (5)



Given the range of values of a and e, that is a1 ≤ a ≤ a2 and e1 ≤
e ≤ e2, one can construct a 3-D constrained admissible region (CAR)

by using a triple of the parameters, that is r, ṙ and rθ̇ computed by

Eqs. (1), (4) and (5).

Here it will be assumed that the observations of the right ascension,

α, and the declination, δ, are available at a given time (see Fig.7). Also,

the geocentric position vector of the observation site, Rs is assumed

given. Then the question of interest is how to compute the range rate,

ρ̇ and the angular rates, α̇ and δ̇, and how to form hypothesized states

utilizing the recently developed CAR multiple hypothesis filter (MHF)

for the purposes of orbit determination.

The SO’s inertial position vector, r(x, y, z) and its rate can be com-

puted as (see Fig.7)

r = ρ + Rs, (6)

ṙ = Ṙs + ρ̇ = Ṙs + ρ̇u + ρu̇, (7)

where

r = r(x, y, z), ρ = ρ(ξ, η, ζ) = ρu, Rs = (Rsx, Rsy, Rsz)
T , (8)

ux = cos δ cosα, uy = cos δ sinα, uz = sin δ. (9)

Using the polar and cartesian coordinates, x, y and z, one can obtain

the expression that relates the angular rates to the orbital parameters,

a and e through r and p:

ρ̇2+ρ2δ̇2+ρ2 cos2 δα̇2+a1ρ̇+a2ρδ̇+a3ρα̇+a4 =
µ

p

[
e2 + 2

p

r
− 1

]
, (10)



Figure 7: Cartesian coordinates of the point of observation and the SO

where aj = aj(α, δ, Ṙsx, Ṙsy, Ṙsz), j = 1, . . . , 4. Note that (u̇Rs) =

a5δ̇+a6α̇, where a5 and a6 are the functions of α, δ and the components

of Rs. Below the second expression which relates the angular rates to

the orbital parameters is obtained. If ωe is the Earth rotation rate,

then (see Fig.7)

Ṙs = ωe ×Rs (11)

rRs = rRs cosψ, (12)

where ψ is the angle formed by r and Rs, and r = ||r||, Rs = ||Rs||.
Then the range, ρ from the observation site to the SO, the range rate

and the range acceleration in terms of α, δ, a and eare given by

ρ =
√

(uRs)2 + r2 −R2
s − (uRs), (13)

ρ̇ = a7δ̇ + a8α̇ + a9, (14)



ρ̈ =
−ρ (üRs)

ρ + x
−
ρ
(
2u̇Ṙs + uR̈s

)
ρ + x

+ k3, (15)

where

x = uRs, aq = aq(α, δ, Rsx, Rsy, Rsz, a, e, f ), q = 7, . . . , 9

k1 = r2 −R2
s, k2 =

1

2
k̇1 = rṙ −RsṘs,

k3 =
ρẋ2 − ρxẋ + k̇2(ρ + x)− k2(ρ̇ + ẋ)

(ρ + x)2
.

Note that in Eq.(13)

(uRs)
2 + r2 −R2

s > 0. (16)

This condition means that no all hypothesized a and e in combination

with observed α and δ may result in a true orbit. Using the two-body

dynamics equation, r̈ = µ/r3r, it can be shown that(
ρ̈ +

µ

r3
ρ
)
u + 2ρ̇u̇ + ρü = −

(
R̈s +

µ

r3
Rs

)
, (17)

Then Eqs. (15) with (17) yield

α̇ij =
1

2

−
(a

2
∓ 1

)
±

√√√√√(a
2
∓ 1

)2
− 4

y∗
2
∓ h


 , (18)

δ̇ij =
d11α̇

2
ij + d12α̇ij + d13

d14α̇ij + d15
, (19)

ρ̇ij = a7δ̇ij + a8α̇ij + a9, i, j = 1, 2. (20)

Here

h =
a
2y
∗ − c

2
(
a2

4 − b + y∗
)

and y∗ is a real root of the cubic equation with respect to y:

y3 − by2 + (ac− 4d)y − a2d + 4bd− c2 = 0 (21)



and

a =
d22

d21
, b =

d23

d21
, c =

d24

d21
, d =

d25

d21
, d21 6= 0.

d2w = d2w(α, δ, Rsx, Rsy, Rsz, Ṙsx, Ṙsy, Ṙsz, a, e, f ),

with w = 1, . . . , 5. Eqs.(18)-(20) represent the functions δ̇ij, α̇ij and

ρ̇ij in terms of α, δ, ρ, r, e, p, where ρ = ρ(α, δ, r) and r = r(a, e)

and p = p(a, e). Consequently, if the observations α and δ are given,

then for the range of values of a and e, that is amin ≤ a ≤ amax and

0 ≤ e ≤ 1, one can compute the following parameters valid for an

entire revolution of the SO’s orbit of interest (0 ≤ f ≤ 2π):

r = r(a, e), vr = ṙ = ṙ(a, e), vθ = rθ̇ = vθ(a, e),

ρ = ρ(α, δ, a, e), ρ̇ = ρ̇(α, δ, a, e),

α̇ = α̇(α, δ, a, e), δ̇ = δ̇(α, δ, a, e).

Given the observations α and δ, the CAR-MHF can be executed using

the hypothesized state variables, x, y, z, ẋ, ẏ, ż formed by using

(mapped from) ρ, ρ̇, α̇ and δ̇. The results of the preliminary studies

and simulations are presented in figures 8 - 10.
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Figure 8: Functions of relationship between the angular rates.
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Figure 9: Contours of 3-D CAR (two different views) formed by the magnitudes of the SO’s

position and velocity vectors for a specific eccentricity, e = 0.1 and for the range of semi-major

axis, 1.1− 10.1 Re.
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