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1. ABSTRACT

At the 2005 AMOS conference, Kriging Optimized Interpolation (KOI) was presented as a tool to
model satellite brightness as a function of phase angle and solar declination angle [1]. Since November 2005,
this method has been used to support the tasking algorithm for all optical sensors in the Space Surveillance
Network (SSN). The satellite brightness maps generated by the KOI program are compared to each sensor’s
ability to detect an object as a function of the brightness of the background sky and angular rate of the object.
This will determine if the sensor can technically detect an object based on an explicit calculation of the object’s
probability of detection. In addition, recent upgrades at Ground-Based Electro Optical Deep Space Surveillance
Sites (GEODSS) sites have increased the amount and quality of brightness data collected and therefore
available for analysis. This in turn has provided enough data to study the modeling process in more detail in
order to obtain the most accurate brightness prediction of satellites. Analysis of two years of brightness data
gathered from optical sensors and modeled via KOI solutions are outlined in this paper. By comparison, geo-
stationary objects (GEO) were tracked less than non-GEO objects but had higher density tracking in phase angle
due to artifices of scheduling. A statistically-significant fit to a deterministic model was possible less than half
the time in both GEO and non-GEO tracks, showing that a stochastic model must often be used alone to
produce brightness results, but such results are nonetheless serviceable. Within the Kriging solution, the
exponential variogram model was the most frequently employed in both GEO and non-GEO tracks, indicating
that monotonic brightness variation with both phase and solar declination angle is common and testifying to the
suitability to the application of regionalized variable theory to this particular problem. Finally, the average
nugget value, or prediction fidelity, was slightly better in the non-GEO tracks than in GEO, often centering
around half of a visual magnitude. In describing these relationships between modeling variables and a
successful brightness solution, better predicted brightness values for use in operational tasking can be produced.

2. RECAPITULATION

Kriging Optimized Interpolation (KOI) combines deterministic and stochastic models to create, for
each satellite, a brightness solution over the whole of phase-declination space. It is useful for brightness
prediction with sparse and irregularly spaced data, such as that from deep space objects (objects which have a
period greater than 225 minutes). Many satellites, due to their orbit or location, may not have enough
brightness data gathered to provide a definitive solution in all phase-declination regions; and typical gridding
techniques would skew the brightness solution towards a given illumination geometry. Therefore, a method to
produce a modeled solution for all phase angles and solar declination angles will yield a reliable and usable
brightness map. The component parts of KOI processing consist of visual magnitude de-trending with a
deterministic model, anisotropy analysis and compensation, variogram model selection, and the Kriging
gridding process that applies the stochastic model to use residual data from the deterministic solution. Finally,
validation indices are calculated to determine the amount of confidence to assign to a given solution [1].

The deterministic model assumes a linear dependency with phase. Because satellites are not in general
symmetric about their Earth-normal vector, separate de-trending solutions for both negative and positive half-
planes of the brightness-phase dependency is required. Data are binned into 3-degree phase bins, of which each
must contain five points to be included in the de-trending solution [1]. If, however, there are little or no data for
one or both of these half-planes, it is not possible to obtain a statistically-meaningful deterministic solution; and



the stochastic process will have to produce the entire solution for that half-plane or perhaps for both. Robust
regression is used to fit the bin averages (using a bi-square cost function) to establish a linear trend; and this
deterministic solution can then be subtracted from the overall data, leaving the residual to be solved by the
stochastic solution. The deterministic model can also solve for glinting, which is a large increase in brightness
that occurs at phase angles of less than about twenty degrees and creates difficulty modeling in smaller phase
angles [1].
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Figure 1: Deterministic de-trending in both negative and positive phase angles. The negative half-plane data
appear to be experiencing glint at small phase angles and could benefit from an explicit glint solution, [1]

Anisotropy is where spatial correlation varies as a function of not only separation distance but also
direction [2]. The KOI algorithm attempts to transform the anisotropic case into an isotropic one through co-
ordinate transformation. Because there is no technical justification for changing the rotational alignment of the
coordinate axes, the transformation is attempted through the application of a scaling factor to a single axis [1].
The particulars of determining this scaling factor are elaborate; and as no anisotropy results are presented as
part of this paper, this item will not be discussed further at the present time.

In order to weigh surrounding data properly when performing brightness extrapolation to unobserved
illumination geometries, an experimental variogram (which delineates the change in brightness variance as a
function of angular separation distance) and this variogram fit with a model. The variogram model selected is
that with the smallest RSS error (or can be selected manually). Spherical, Exponential, Gaussian, and Linear
variogram models are used in the KOI solution to determine the best variance-separation relationship of the de-
trended data [1].
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Fig. 2: Variogram selection and variables in KOI, [1]

3.DATA

In December 2005, two years’ worth of satellite brightness data (collected on each object tracked) from
the Ground-Based Electro Optical Deep Space Surveillance System (GEODSS) sites was consolidated by
sensor site and processed through the Kriging Optimization Interpolation model. The KOI program
automatically rejects datasets that contain fewer than 30 data points. However, the mean number of data points
was much higher, over 200 for both Geo-Stationary (GEO) and non-GEO objects. From research into solving
sub-30 data points, with manual attention, a solution can also be rendered. However, the minimum of 30 points
remains a good limitation as to whether or not to attempt an automated solution.



Track Distribution for Geo and non-GEO satellites
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Fig. 3: Volume of GEO and non-GEO tracks by percentage

Distribution of data about phase angle and solar declination angle is seen in Figures 5 and 6 for
individual sensors. Due to glint restraints and the possibility of earth-limb exclusion, there is little data about a
phase angle of 0. Asymmetry about this point is a by-product of the GEODSS scheduling algorithm. GEO
objects will be at the greatest negative phase angle at the beginning of the evening shooting period; because the
scheduling algorithm will begin the evening with GEO high-priority objects, it is understandable that the
greatest number of tracks should be observed with this phase angle. The GEODSS scheduler also dynamically
assigns a high priority to objects that are about to exit its field of view; so for objects that will not be in
coverage for an entire evening (i.e., non-GEO objects), it is not surprising to see a greater density in the positive
than the negative phase angles (e.g., Diego Garcia). Solar declination data distribution is latitude dependent.
Diego Garcia, being south of the equator, will be able to track more objects in the northern hemisphere winter
(at 21 degrees in Earth tilt) than the other two north-hemispheric sensors (as can be seen at —21 degrees tilt).
There is slight bias to the tracking density at the positive solar declinations due to the eccentricity of the Earth’s
orbit; because the Earth is at perihelion in the northern hemisphere winter, it moves more rapidly through the
extreme negative solar declinations (four fewer days spent < -21 degrees than > 21 degrees) and thus can
produce fewer tracks during that period.
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Fig. 4: GEO Track Distribution
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Fig. 5: Non-GEO Track Distribution



4. DETERMINISTIC MODELING

The deterministic portion of KOI attempts to establish a linear trend in brightness versus phase angle.
However, there is often not enough data to generate a stastically-credible deterministic solution (Fig. 6).
Without data deterministic trend, the algorithm will still produce a solution, although in this case entirely
stochastic. When the glint model is applied, an intercept between the positive and negative phase angles will
show the brightest visual magnitude value of the object. The slope will then describe how dim the object
becomes as the phase angle changes.
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Fig. 6: Deterministic data relevance

Fewer than 60% of the geo-stationary objects produced a deterministic solution. Half the time, non-
GEO satellites had no deterministic solution. This forces the conclusion that overall, in about half of the cases,
the brightness function as a function of phase is not a clearly-identifiable decreasing quasi-linear trend, as
several experimental data analyses or the diffuse-sphere approximation would suggest.

For those objects that did exhibit a linear brightness decrease as a function of phase angle, the
difference between brightness at phase angle of 0 and 90 degrees (in both the positive and negative half-planes)
averaged 2.1 to 2.2 Mv across both GEO and non-GEO, meaning there is non-negligible brightness change
depending on at what phase angle the observations are taken. Approximation methods that take the mean phase
angle as the basis point for assigning a single brightness value to a satellite must expect the introduction of an
average variation of ca. 1.1 Mv simply by the use of this technique.
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Figs. 7 and 8: Total Mv difference between 0 and 90 degrees in phase, separately, by half-plane

5. VARIOGRAM MODEL

Four variogram models were employed: exponential, spherical, Gaussian, and linear. Most satellite
brightness data were fit using the exponential model (Fig. 9). This validates the working assumption that as the
phase angle and solar declination varies, the brightness of the satellite varies nearly equivalently along with it: a
small change in phase angle will cause a small change in brightness, and a large change in phase angle will
cause a large change in brightness. Changing the illumination geometry beyond a certain amount no longer
produces a correlated change in brightness; the variation is at this point adequately described by the variance in
the overall sample. This is the presumption for a so-called stationary model and grounds the expectation of an
unbiased solution.
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Fig. 9: Percentage of variogram models used

6. NUGGET VALUE

The nugget value is the inherent uncertainty in the prediction of brightness variation. Since the exact
positioning of a non-stabilized satellite towards the sensor cannot be determined as the brightness data are
gathered, it cannot be known from observation if the brightness data would be different given a different aspect.
A large nugget value will bound the overall certainty of the solution, as it limits the fidelity with which a change
in illumination geometry can be correlated with a change in brightness.

It was found that the nugget values for GEO and non-GEO satellite brightness were quite similar
(surprising since the preponderance of 3-axis stabilized satellites in GEO should have produced invariant
aspects to the reporting sensor and, consequently, reduced the overall nugget effect).
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Fig. 10: Distribution of nugget effect



7. VALIDATION INDICES

Any model such as this should be validated by statistical testing, and the two principal attributes to
validate are unbiasedness and adequacy of error modeling. To execute these tests, it is first necessary to
construct a set of residuals to which to apply them. A convenient approach is to order the data points at random
and, beginning with the first data point, predict the value of the second and calculate the (residual) difference;
then use the first two to predict the third and calculate a residual, &c. until the entire dataset has been so
analyzed and a residual set produced. The so-called “Q;” test assesses whether the residuals are biased by
calculating and examining their mean; if all the systematic errors have been solved for, one can expect the
residuals to conform to a Gaussian distribution with 0 mean and variance 1/(n-1), where n is the number of
residuals [1]. From this information, the p-value for Q, can be calculated (the value used presently is a
generous 0.01) and the reasonableness of the unbiasedness presumption assessed.

If the calculated Kriging variance models the error well, the ratio of the calculated residual to the square root of
the Kriging variance should be 1. A convenient way to test for this is to presume that this ratio is a normal
variable; if so, then the sum of the squares of this ratio should conform to a chi-squared distribution with n-1
degrees of freedom, constituting the “Q,” test [1]. As with the Q, test, p-values for the Q, factor can be
calculated and the degree of conformity to the chi-squared distribution determined.
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Fig. 11: Q1 and Q2 results

As Fig. 11 shows, the model performs well in terms of eliminating bias and less well in terms of error modeling.
However, the latter statistic, while regrettable, should not be taken as overly indicting: the covariance
associated with routine orbital updates, for example, rarely does much better. The conclusion is that the model
is adequate for the uses to which it is generally put: satellite detectability and general brightness information.
Field trials will be necessary to determine whether it is adequate for satellite characterization assessment.

8. SUMMARY OF FINDINGS

Brightness modeling through Kriging Optimized Interpolation has produced both expected and
unexpected results. Based on two years of brightness data originating from GEODSS sites, it was found that
phase angle is not the brightness determinant that has traditionally been presumed and that stochastic modeling,
based on un-used deterministic residuals, can complete a brightness map of both phase angle and solar



declination. When the deterministic relationship with phase does exist, a typical brightness variation from 0 to
90 degrees is typically 1.5 to 2.0 Mv. It was found that GEO tracking peaks at about 20 degrees in phase; in
non-GEO objects, it is later due to the GEODSS scheduling algorithm. Inherent uncertainty (nugget effect) in
the brightness-vs-angles relationship will vary more or less evenly from 0 to 1 Mv between GEO and non-GEO
objects. And, this hybrid deterministic/stochastic approach fares reasonably well with validation tests and thus
proves itself a good foundation for deterministic model improvement. These findings will aide in the
understanding of KOI modeling of brightness data for use in the tasking algorithm of the Space Surveillance
Network. Manipulation of specific variables in the program will enable even a smaller amount of brightness
data to translate into a predicted brightness value for use at optical sites.
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