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Abstract 

 

The extraction of range from optical sensor observation data has always been difficult, 

expensive and sometimes unreliable. This paper presents three new angles-only 

algorithms to help mitigate those problems. First, the correct range or root of the Gauss or 

Laplace eighth-degree polynomial equation is consistently deduced without guesswork 

for any object in any orbit regime. Second, the Keplerian solution is analytically extended 

to include perturbations for fast and accurate Initial Orbit Determination (IOD). Using 

simulated and real data, with or without angular measurement errors, ten numerical 

examples are presented for comparison. More than a hundred Geocentric and 

Heliocentric test cases have been independently confirmed by third parties. These 

analytic angles-only algorithms improve data collection efficiency, catalog maintenance, 

uncorrelated target cataloging, and ultimately contributing to real-time Space Situation 

Awareness. 
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1.  Introduction 

 

Initial orbit determination is required for newly detected unknown objects, such as a new 

foreign launch, an Uncorrelated Target (UCT) or a piece of tracked but un-cataloged 

space debris. IOD, which requires only sparse data, computes a starting state vector or 

nominal orbit. Differential Correction (DC), which requires dense data, processes 

systems and statistical measurement errors to improve a nominal orbit. Dense data 

collection is time consuming and is not compatible with real-time processing. If IOD fails 

to initiate tracks, the detected objects will remain as UCT’s and uncataloged. As such, 

they pose a higher threat to space asset than the catalogued objects. In this paper, unless 

stated otherwise, angles-only algorithm means angles-only IOD algorithm. 

 

Deep space object observations are typically angles-only based. The classical angles-only 

problem as described in [1] to [21], uses three sets of angles to solve for a Keplerian orbit 

of an unknown object. All classical methods, which solve for the general solution, 

unfortunately have two major weaknesses: range guessing to start and Keplerian (2-body) 

solutions to finish. Range guessing is due to ignoring or not solving the correct real root 

of the Gauss and Laplace eighth-degree polynomial equations or the Equations for short. 

The Keplerian solutions are due to the difficulty of adding perturbations analytically. 

Even if the correct initial Keplerian orbit is found, it is often not accurate enough to 

predict a future acquisition of a Near-Earth object after 24 hours or later. IOD and DC 

processes have been successfully applied to GEO and Deep Space objects [22] to [24] 

when a priori knowledge of the “slow moving and high altitude” object is used. Clearly, 

when no a priori knowledge is assumed, even with the help of powerful computers, the 

initial orbit of a completely unknown object will be hard to establish with only angles 

data. This paper presents three new angles-only algorithms to remove these weaknesses. 

 

Proper angles data and an effective angles-only algorithm must work together to produce 

reasonably accurate IOD nominal orbits. Proper time span and/or angular separation 

guidelines for Geocentric IOD and Heliocentric IOD are depicted in Figure 1 and 

summarized as follows:  

1. Time and angular spacing: Three sets of angles at reasonably separated time spans 

of about 10 minutes (Geocentric) and days or months (Heliocentric) are required. 

A proper angular separation is when the variations of the angular values for two 

points differ by at least 0.05 degrees. 

2. Multi-revolutions: The Gauss or Laplace algorithm is formulated for the three 

data points within one orbit at least for the first-pass. If the hours- or days-apart 

data points are indeed within an arc of one orbit, then a good solution may still be 

found, but there is no guarantee. 

3. Angular measurement accuracy: Angles data collected by an operational optical 

sensor [25] with a Field-of-View resolution of about 2 arc-seconds (0.0005 

degrees) provides accurate angles inputs for the Gauss, Laplace and Double-r 

angles-only algorithms. Error-free inputs imply that all the six angles are accurate 

with five or more significant digits as described in the Numerical Example 

Section. 
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Figure 1.  Guidelines for time and angular spacing of angles data  

 

Assuming that proper angles data is given, each correct positive real root of the 

Equations is the initial range estimate at the second time point of the unknown orbit as 

shown in Figures 1. Theoretically there are eight roots and can be computed by a standard 

root solver. Charlier applied the Descartes’ Rule of Signs [20] and [21], to the Laplace 

Equation for Heliocentric objects in 1910 indicating at most three positive real roots. 

However, the ten numerical examples of this paper show that some of Charlier’s 

theoretical assertions are incorrect in practice, especially for Geocentric applications. 

“Selecting the correct root can be very difficult”, as indicated by Vallado  [7]. 

 

Without guesswork, the new Gauss and Laplace algorithms solve for the correct positive 

real root of the Equations by combining Descartes’ Rule of Signs and the Gauss 

geometric method. All previous papers may use the same combination, but they start with 

guessing and/or finish with multiple roots. The algorithms of his paper always provide 

one correct root. The new Double-r algorithm takes advantage of the range solving 

solution of Gauss or Laplace to construct two Cartesian position vectors ( 1r  and 3r ), 

which in turn transforms the angles-only problem to a Lambert problem. Algorithms that 

involve range guessing, range hypothesis, partial derivative evaluations, high-order 

matrix inversions, sensitive iterative methods and unpredictable convergence are avoided.  
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2.  The Correct Root of the Equations of Gauss and Laplace 

 

This section presents a straightforward method to find the correct root of the Equations. 

Since the formulations leading to the Equations can be found in many textbooks, they 

will not be repeated here. Although the Gauss and Laplace formulations are different, the 

resulting equations have the same form and can be expressed as:  

 8 6 3f ( x ) = x a x b x c 0              (1) 

where 2 2( )x r t  r  is the magnitude of the position vector at 2t .  The coefficients 

a, b, and c, which can be computed from the given inputs to the angles-only problem, are 

different in numerical values between those of Gauss and Laplace. Theoretically, if the 

input angles are error-free, then these three coefficients are determined accurately, and 

the resulting range estimate of Equation (1) is within 99% of the real range at 2t .  

 

2.1  Descartes’ Rule of Signs 

Descartes’ Rule of Signs states that: If f ( x )  is a polynomial with non-zero real 

coefficients, the number of positive roots of Equation (1), cannot exceed the number of 

changes of signs of the numerical coefficients of f ( x ) . If the observation or the angles 

data is real, the range x must be positive. There are only four terms in Equation (1), and 

the coefficient c is always negative. Therefore, at most three changes of signs can occur, 

implying at most three positive real roots. If the coefficients indicate one positive real 

root, the correct value of x can be found without guesswork as in Section 2.3, and the 

Gauss geometric method described in Section 2.2 may be skipped. 
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Figure 2.  Gauss geometric method 
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2.2  Gauss Geometric Method 

As described in [21], Gauss transformed Equation (1) to: 

 4f ( ) = sin M sin (m ) = 0               (2) 

where M and m are constants computed from the angles-only inputs, and the unknown 

is the angle between the position vectors  and r as shown in Figure 2. Theoretically, 

any visible object must lie above the ground observer’s horizon, implying that 
o o90 180    and o900   . The Gauss geometric method also uses the Law of 

Sines as: 

 
r R

= =
sin sin ( ) sin



    
            (3) 

to relate the magnitudes of the three position vectors, r, , and R, after is found. The 

correct root that corresponds to the real unknown orbit must satisfy: 

 
Earth

o o

r R r

(180 900 )

  


    
              (4) 

For an orbiting space sensor of Geocentric IOD (and Heliocentric IOD in Celestial 

Mechanics), at most two other roots may exist, but they are associated with o90 . By 

not allowing the line of sight to see through the Earth, one of the two possible roots can 

often be eliminated. Other intuitive relations may be needed. 

 

2.3 A Simple Iterative Method for Equations (1) and (2) 

Supposing the search is for an Earth satellite or an orbital debris object by a ground 

sensor, the starting magnitude of the Cartesian or Earth Centered Inertial (ECI) position 

vector is 1 2 Earth( )x t r r  for Equation (1). The iterative method, which assume no 

a priori knowledge, may end at any desired range limit, say 100,000 km for Geocentric 

IOD with a step of 500 km. Since the altitude of 90% of the Space objects around the 

Earth are about 2,000 km or less, the solution of a Near Earth object can be found in a 

few steps. If there are three positive real roots, Gauss geometric method is required. The 

starting value of is zero for Equation (2), and the maximum value is 
o90  for ground 

sensors. The confusion of multiple roots begins with o1800   , and only applies to 

orbiting space sensors and Heliocentric IOD. If the evaluation of is separated between 
o900    and o o90 180  , finding the correct and then x of Equation (1) is 

intuitive. 

 

 

 

3.  A New Double-r Algorithm 

 

Two arbitrary starting values and a non-robust iterative method (Newton-Raphson) are 

problematic for the traditional Double-r algorithms. Even though range guessing is 

replaced by range solving, forcing their target functions to convergence is tricky when 

high-order partial derivatives, multi-dimensional matrix inversions and sensitive iterative 

methods are involved.  
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Figure 3.  Range solving and Lambert targeting of the new Double-r algorithm 

 

With the two reasonably accurate initial range estimates at points 1 and 3 provided by 

range solving, Lambert targeting with analytic perturbed trajectories [27] and [28], 

becomes possible. As shown in the left of Figure 3, the two initial range estimates of 

Gauss or Laplace at points 1 and 3 can be varied, and multiple Lambert solutions between 

the end points 1 and 3 can be easily computed. In the right of Figure 3, the simple target 

function is ij , the angle between the given nominal line-of-sight vector 
2
  and the ECI 

position vector computed by Lambert targeting at point 2. The optimum ranges, ir  and 

jr , at respectively points 1 and 3 are those associated with the 2-dimensional minimum 

ij . If 
2
  is allowed to vary, a 3-dimensional minimum ij  can often be found to be 

smaller than the 2-dimensional one. The analytic perturbed or post-Keplerian trajectories 

with ( 2J , 3J , 4J , Sun, Moon, . . ) can be replaced by those from numerical integration, if 

higher accuracy instead of speed is desired. The variations of ij  provide a view of the 

optimum solution. The comparison of the Double-r algorithms of the author and a version 

of Gooding [18] is illustrated in Figure 4. 
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Figure 4.  Double-r algorithms comparison 

 

 

4.  Numerical Examples 

 

For Geocentric orbits, the Space Catalog provides initial state vectors for objects at 

different orbit regimes. For Heliocentric orbits, the state vectors of most planetary objects 

can be extracted from the JPL DE405 ephemeris file and the Minor Planet file of 

International Astronomical Union (IAU) for almost any date. These accurate Geocentric 

and Heliocentric state vectors form the “error-free” reference IOD solutions for all 

practical purposes.  

 

How accurate does the angles data have to be? In the following ten examples, the 

estimated ranges x’s and coefficients a, b, and c of Equation (1) from both the Gauss and 

Laplace algorithms are given for objects at different orbit regimes as well as various 

eccentricities, inclinations and locations on the orbits. The reader can verify that Equation 

(1), 8 6 3f ( x ) = x a x b x c 0   , is indeed satisfied with the set, (x, a, b, c), of 

each example. Accurate input angles give accurate coefficients, which in turn produce 

reasonable range estimates. Reasonable means that the estimated range is within five 

percent of the desired range at 2t . Note that, x is normalized with the Earth radius of 

6378.137 km or AU of 149597870.691 km. 
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In practice, the most likely source of errors of optical sensors and optical telescopes is 

usually the angles observation data. Time error is insignificant due to the use of atomic 

clocks in operational sensors. If real observation data is not available, then other means of 

injecting errors are needed for robustness evaluations of the algorithms. Since error-free 

angles data can be computed with the use of the Space Catalog and the JPL DE405 

ephemeris file, “angular measurement errors” can be introduced systematically. On the 

other hand, inaccurate angles data of asteroids and comets from most Astronomy 

magazines are unable to produce accurate coefficients of Equation (1), and the resulting 

estimated ranges do not match even within 90% percent of those known reference 

solutions. The characteristics of angular errors and estimated ranges of Equation (1) are 

illustrated as follows: 

 

Input 

angles  

data 

Number of accurate 

significant digits in 

the angles data

Example: 

Right ascension or 

Declination (degrees) 

Expected 

% of errors 

Estimated 

range 

Error-free    5 or more     12.345 or more   1 or less     excellent   

Marginal    3 or 4     12.3  or  12.34   2 to 5 good to poor 

Inaccurate    2 or less     12.  or less   >> 5   unacceptable   

 

More than a hundred objects and six hundred test cases were analyzed with and without 

measurement errors. The position and velocity vectors computed by the new Gauss, 

Laplace and Double-r angles-only algorithms are compared with the answers. Ten sample 

examples for Geocentric and Heliocentric IOD were chosen and the estimated Gauss / 

Laplace parameters: x, eccentricity and inclination are summarized as follows: 

 

Example Input  

errors  

(%) 

    Estimated Gauss / Laplace Parameters 

    

  x= ECI - SCI range (km)  Eccentricity  Inclination (deg) 

1. Geocentric, MEO   0             9037 / 9503   0.08 / 0.15     32.4 / 32.1 

2. Geocentric, Molniya   0           41200 / 41201   0.75 / 0.75     26.5 / 26.5 

3. Geocentric, GEO   0           41856 / 41892   0.02 / 0.02     0.32 / 0.32 

4. Geocentric, LEO  0.1             7367 / 7496   0.05 / 0.03     82.8 / 82.5 

5. Geocentric, HEO  0.1           20558 / 20575 0.096 / 0.095     125. / 125. 

6. Geocentric, MEO  0.1             8757 / 8954   0.24 / 0.19     105. / 105. 

7. Geocentric, MEO Text-  

Book 
          10480 / 12769   0.16 / 1.47       40. / 39. 

8. Heliocentric, Saturn   0 1450559175 / 1450394230 0.055 / 0.059     22.5 / 22.5 

9. Heliocentric, Jupiter  0.1   782628237 /   236738371 0.042 / 0.904     23.2 / 23.0 

10. Heliocentric, Ceres  0.1   422629637 /   471776591 0.102 / 0.318     27.2 / 28.0 

 

In general, the solutions of Laplace in Examples 1 to 10 are not as accurate as those of 

Gauss. As indicated in [16], the Laplace algorithm requires topocentric correction, while 

the Gauss algorithm handles topocentric observation data naturally. Since the new 

algorithms are range independent, solutions are not affected by input data from multiple 

sensors or observers. In the following examples, only one observer is used. The results of 

the new algorithms are colored in red, and the desired answer in green in the Tables. 
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Example 1.  MEO, error-free  

Descartes’ Rule of Signs indicates one positive real root for both Gauss and Laplace, and 

can be found as shown in Section 2. The converged ECI position and velocity vectors of 

the new Double-r (Lambert targeting) algorithm are much closer to those of the unknown 

orbit than both the Gauss and Laplace algorithms as shown in Table 1.  

Given: 

Ground Sensors Latitude (deg) Longitude (deg) Altitude (km)

Sites 1, 2, 3   39.13607      121.35072    0.09981638  

 

Date (yr/mo/dd/hr/min/sec)      Right ascension  (deg) Declination  (deg) 

2009/ 5/ 26/ 16/ 0/ 20.475 309.340542                  0.660969  

2009/ 5/ 26/ 16/ 10/ 20.475 358.990622              20.660902  

2009/ 5/ 26/ 16/ 20/ 20.475 41.951457   36.687800

 

Output comparison of the three new algorithms 

estimated Gauss coefficients     (a = 0.9947,   b =  1.7702,  c =  3.1618) 

estimated Laplace coefficients  (a = 0.9917,   b =  4.7278,  c =  5.6107) 

 

2 1t t 600 seconds   ECI position vector  (km) ECI velocity vector  (km/s) 

Gauss      

Laplace      

Double-r (targeting)      

Answer      

Table 1.    Comparison of solutions of the new algorithms for MEO at 2t  

 

 

 

Example 2.  Molniya, error-free 

Descartes’ Rule of Signs indicates one positive real root for both Gauss and Laplace. All 

the solutions from the Gauss, Laplace and Double-r (targeting) algorithms are close to the 

unknown Molniya orbit as shown in Table 2.  

Given: 

Ground Sensors Latitude (deg) Longitude (deg) Altitude (km)

Sites 1, 2, 3   30.5724       86.2143     0.0  

 

Date (yr/mo/dd/hr/min/sec)      Right ascension  (deg) Declination  (deg) 

2011/ 1/ 4/ 13/ 0/ 46.5 280.040780            31.377194  

2011/ 1/ 4/ 13/ 5/ 46.5 280.896316            31.544420  

2011/ 1/ 4/ 13/ 10/ 46.5 281.776909  31.712006  

 

Output comparison of the three new algorithms 

estimated Gauss coefficients    (a = 1.0009,   b =  191.958,  c =  2907201.2) 

estimated Laplace coefficients (a = 1.0024,   b =  273.755,  c =  2907697.5) 
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2 1t t 300 seconds   ECI position vector  (km) ECI velocity vector  (km/s) 

Gauss      

Laplace      

Double-r (targeting)      

Answer      

Table 2.    Comparison of solutions of the new algorithms for Molniya at 2t  

 

Example 3.  GEO, error-free 

Descartes’ Rule of Signs indicates three positive real roots for Gauss; two with the LEO 

ranges and one GEO range. However, The Gauss geometric method deduced a range near 

GEO, and therefore the correct range is that of the GEO.  

Given: 

Ground Sensors Latitude (deg) Longitude (deg) Altitude (km)

Sites 1, 2, 3   30.5724       86.2143     0.0  

   

Date (yr/mo/dd/hr/min/sec)      Right ascension  (deg) Declination  (deg) 

2006/ 9/ 11/ 4/ 45/ 44.073 17.473272             5.246774  

2006/ 9/ 11/ 4/ 50/ 44.073 18.725895             5.245155  

2006/ 9/ 11/ 4/ 55/ 44.073 19.978504   5.243423  

 

Output comparison of the three new algorithms 

estimated Gauss coefficients    (a = 0.6590,   b =    343.975,  c =  3506478.8) 

estimated Laplace coefficients (a = 0.1447,   b =  1864.78,  c =  3508165.1) 

2 1t t 300 seconds   ECI position vector  (km) ECI velocity vector  (km/s) 

Gauss      

Laplace      

Double-r (targeting)      

Answer      

Table 3.    Comparison of solutions of the new algorithms for GEO at 2t  

 

Example 4.  LEO, with 0.1% angular errors  

A piece of rocket body in LEO at a very high inclination and the addition of 0.1% angular 

measurement errors did not cause any problem for range solving. Laplace solution is 

sensitive to angular errors. 

Given: 

Ground Sensors Latitude (deg) Longitude (deg) Altitude (km)

Sites 1, 2, 3   39.0072       104.8810     0.0  

   

Date (yr/mo/dd/hr/min/sec)      Right ascension  (deg) Declination  (deg) 

2011/ 1/ 18/ 10/ 9/ 54.0 224.8542         0.5230  

2011/ 1/ 18/ 10/ 12/ 28.0           209.4250          32.3940 

2011/ 1/ 18/ 10/ 14/ 44.0           179.6625        55.5490  
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Output comparison of the three new algorithms: 

estimated Gauss coefficients    (a = 0.9964,   b =  0.4134,   c =   0.1647) 

estimated Laplace coefficients (a = 0.9950,   b =  0.9716,   c =   0.2271) 

2 1t t 154 seconds        ECI position vector  (km) ECI velocity vector  (km/s) 

Gauss      

Laplace      

Double-r (targeting)      

Answer      

Table 4.    Comparison of solutions of the new algorithms for LEO at 2t  

 

Example 5.  HEO,  with 0.1% angular errors 

An object in HEO in a retrograde orbit of inclination 125 degrees and the addition of 

0.1% angular measurement errors also did not cause any problem for range solving.  

Given: 

Ground Sensors Latitude (deg) Longitude (deg) Altitude (km)

Sites 1, 2, 3   30.5724       86.2143     0.0  

   

Date (yr/mo/dd/hr/min/sec)      Right ascension  (deg) Declination  (deg) 

2011/ 1/ 4/ 21/ 42/ 20.796 12.8101          12.1200  

2011/ 1/ 4/ 21/ 47/ 20.796 9.4820            8.1840  

2011/ 1/ 4/ 21/ 52/ 20.796 6.1085   4.1066  

 

Output comparison of the three new algorithms: 

estimated Gauss coefficients    (a = 1.7861,   b =  152.5439,   c =   4538.25) 

estimated Laplace coefficients (a = 2.3968,   b =  248.2428,   c =   4565.19)   

2 1t t 300 seconds        ECI position vector  (km) ECI velocity vector  (km/s) 

Gauss      

Laplace      

Double-r (targeting)      

Answer      

Table 5.    Comparison of solutions of the new algorithms for HEO at 2t  

 

Example 6.  MEO, with 0.1% angular errors 

An MEO object in a retrograde orbit of inclination 105 degrees and the addition of 0.1% 

angular measurement errors also did not cause any problem for range solving.  

Given: 

Ground Sensors Latitude (deg) Longitude (deg) Altitude (km)

Sites 1, 2, 3   30.5724       86.2143     0.0  

   

Date (yr/mo/dd/hr/min/sec)      Right ascension  (deg) Declination  (deg) 

2011/ 1/ 5/ 0/ 3/ 37.058 19.6005   49.2810  

2011/ 1/ 5/ 0/ 8/ 37.058 6.8133   21.8569  

2011/ 1/ 5/ 0/ 13/ 37.058 354.1102   11.9095  
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Output comparison of the three new algorithms:   

estimated Gauss coefficients    (a = 0.9946,   b =   .5932,  c =   1.8436) 

estimated Laplace coefficients (a = 0.9900,   b =  3.6647,   c =    2.4270) 

2 1t t 300 seconds        ECI position vector  (km) ECI velocity vector  (km/s) 

Gauss      

Laplace      

Double-r (targeting)      

Answer      

Table 6.    Comparison of solutions of the new algorithms for LEO at 2t  

 

Example 7  MEO, with angular errors  

Example 7 compares the traditional and new Gauss, Laplace and Double-r angles-only 

algorithms for a MEO object. The traditional algorithms produce Keplerian solutions and 

those of the new algorithms include 2J , 3J , 4J , Sun, Moon, and other perturbations when 

applicable. As expected, the post-Keplerian initial orbits of the new algorithms are more 

accurate for the unknown MEO object. The Laplace solutions are problematic due to the 

inaccurate derivatives of the line-of-sight vectors and the lack of topocentric correction.  

Given: 

Ground Sensors Latitude (deg) Longitude (deg) Altitude (km)

Sites 1, 2, 3   40.00     110.00     2.0  

   

Date (yr/mo/dd/hr/min/sec)      Right ascension  (deg) Declination  (deg) 

2007/ 8/ 20/ 11/ 40/ 0. 0.4173   17.4627  

2007/ 8/ 20/ 11/ 50/ 0. 55.0932   36.5732  

2007/ 8/ 20/ 12/ 20/ 0. 134.2827   12.0351  

Output comparison of the traditional Gauss and the new Gauss algorithms: 

estimated Gauss coefficients    (a = 1.0536,     b =    5.5411,  c =     7.8042) 

2 1t t 600 seconds   ECI position vector  (km) ECI velocity vector  (km/s) 

Gauss (traditional, knew answer)      

Gauss (traditional, range guessing)      

Gauss (range solving)      

Answer      

Table 7a.    Comparison of the traditional and new Gauss algorithms at 2t  

 

Output comparison of the traditional Laplace and the new Laplace algorithms:   

estimated Laplace coefficients (a = 1.3911,   b =  29.9691,  c =     54.7061) 

2 1t t 600 seconds   ECI position vector  (km) ECI velocity vector  (km/s) 

Laplace (traditional, knew answer)      

Laplace (traditional, range guessing)      

Laplace (new range solving)      

Answer      

Table 7b.    Comparison of the traditional and new Laplace algorithms at 2t  
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Output comparison of the traditional Double-r and the new Double-r algorithms:   

2 1t t 600 seconds   ECI position vector  (km) ECI velocity vector  (km/s) 

Double-r (traditional, knew answer)      

Double-r (traditional, range guessing)      

Double-r (new Lambert-targeting)      

Answer      

Table 7c.    Comparison of the traditional and new Double-r algorithms at 2t  

 

Example 8.  Saturn, error-free 

The state vectors of the Earth (observer) and Saturn (unknown object) were obtained 

from the DE405 ephemeris file. Since DE405 data is sufficiently accurate, the 

coefficients of the Equations are computed accurately and the resulting range estimates 

show less than 0.01 percent of error. Numerous test cases similar to this show that the 

angles data generated from state vectors of DE405 can be considered error-free for 

Heliocentric IOD. 

 

Given: 

Date (yr/mo/dd/hr/min/sec) Sun Centered Inertial (SCI) position vector of Earth (km) 

2012/ 1/ 5/ 0/ 0/ 0   

2012/ 1/ 15/ 0/ 0/ 0   

2012/ 1/ 25/ 0/ 0/ 0   

   

Date (yr/mo/dd/hr/min/sec)      Right ascension  (deg) Declination  (deg) 

2012/ 1/ 5/ 0/ 0/ 0  

2012/ 1/ 15/ 0/ 0/ 0  

2012/ 1/ 25/ 0/ 0/ 0  

 

Output comparison of the three new algorithms:  

estimated Gauss coefficients    (a = 94.2131, b = 176.2090, c = 83.2408) 

estimated Laplace coefficients (a = 92.5929, b = 177.4249, c = 85.8668) 

2t =2012/  

1/  5/ 0/ 0/ 0 

     SCI position vector  (km) SCI velocity vector  (km/s) 

Gauss      

Laplace      

Double-r 

(targeting) 
     

Answer      

Table 8.    Comparison of solutions of the new algorithms for Saturn at 2t  

 

Example 9.  Jupiter, errors in both Earth position and measurement angles 

The state vectors of the Earth (observer) and Jupiter (unknown object) were obtained 

from the DE405 ephemeris file. Only the first four digits of each component of the Earth 

position vector were kept, and about 0.1% angular measurement errors were added to the 
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given angles. Even though the injected errors produced substantial differences in the 

coefficients of the Equations with respect to the error-free set, the resulting solutions of 

Gauss and Double-r are still reasonable. The Laplace solution is poor due more to 

inaccurate angles data than the lack of topocentric correction. 

Given: 

Date (yr/mo/dd/hr/min/sec)  Sun Centered Inertial (SCI) position vector of Earth (km) 

1990/ 1/ 13/ 0/ 0/ 0   

1990/ 6/ 22/ 0/ 0/ 0   

1991/ 1/ 8/ 0/ 0/ 0   

   

Date (yr/mo/dd/hr/min/sec)      Right ascension  (deg) Declination  (deg) 

1990/ 1/ 13/ 0/ 0/ 0  

1990/ 6/ 22/ 0/ 0/ 0  

1991/ 1/ 8/ 0/ 0/ 0  

Output comparison of the three new algorithms:   

estimated Gauss coefficients    (a = 26.9859,  b =  54.6752,  c =     27.9185) 

estimated Laplace coefficients (a = 5.1060,    b =  109.8792,  c =   411.8757) 

desired DE405 coefficients       (a = 22.2869,  b = 640.2321,  c = 4616.1931) 

2t =1990/ 6/ 

22/ 0/ 0/ 0 

     SCI position vector  (km) SCI velocity vector  (km/s) 

Gauss      

Laplace      

Double-r  

(targeting) 
     

Answer      

Table 9.    Comparison of solutions of the new algorithms for Jupiter at 2t  

 

 

Example 10.  Ceres, no error in Earth position (DE405) and 0.1% errors in angles 

The state vectors of the Earth (observer) were obtained from the DE405 ephemeris file. 

The angles data of the Asteroid, Ceres, (unknown object) were obtained from the IAU 

Minor Planet file, and then about 0.1% of the angles values were injected. Again, the 

resulting solutions of Gauss and Double-r are reasonable, and that of Laplace is slightly 

worse (no topocentric correction) as compared to the reference or error-free solution. 

Given: 

Date (yr/mo/dd/hr/min/sec)  Sun Centered Inertial (SCI) position vector of Earth (km) 

2007/ 9/ 21/ 11/ 0/ 0   

2007/ 11/ 16/ 8/ 21/ 0   

2007/ 12/ 27/ 20/ 28/ 0   

   

Date (yr/mo/dd/hr/min/sec)      Right ascension  (deg) Declination  (deg) 

2007/ 9/ 21/ 11/ 0/ 0  

2007/ 11/ 16/ 8/ 21/ 0  

2007/ 12/ 27/ 20/ 28/ 0  
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Output comparison of the three new algorithms:   

estimated Gauss coefficients      (a = 8.3070,     b =    7.4193,  c =     1.6649) 

estimated Laplace coefficients   (a = 14.8667,   b =  22.2634,  c =     7.0259) 

estimated reference coefficients (a = 8.2687,     b =   7.3762,   c =     1.6532) 

2t =2007/ 11/ 

16/ 8/ 21/ 0 

     SCI position vector  (km) SCI velocity vector  (km/s) 

Gauss      

Laplace      

Double-r  

(targeting) 
     

Answer      

Table 10.    Comparison of solutions of the new algorithms for Ceres at 2t  

 

 

Conclusions 

 

This paper presents three new angles-only IOD algorithms that can consistently deduce 

the correct range or root of the Gauss or Laplace eighth-degree polynomial equations 

without guesswork for any unknown object in any orbit regime, and therefore the 200-

year angles-only problem is solved. The Keplerian (2-body) solution is then analytically 

extended to include perturbations for speed and accuracy.    

 

These new angles-only algorithms have been further improved to meet more accurate 

cataloging and correlation requirements of the Space Based Space Surveillance and the 

Space Fence systems, while also provide the needed algorithms for all manner of Real-

Time Space Situational Awareness. 
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