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ABSTRACT

In this paper, we apply a statistically rigorous track-before-detect (TBD) method, the Bernoulli particle
filter, to actual imagery of resident space objects (RSOs). Robust methods in this realm will lead to better
space domain awareness (SDA) while reducing the cost of sensors and optics. We focus on estimating
sensor-level kinematics of RSOs for low signal-to-noise ratio (SNR) short-arc observations. For four
minute arcs of 29 images, targets with SNR as low as 2.6983 are tracked to 3 arcsec accuracy in image
plane position and 0.07 arcsec/sec in velocity.

1.

INTRODUCTION

Automated detection and tracking of faint objects in optical, or bearing-only, sensor imagery is a topic of immense
interest in space surveillance [7, 32, 40, 48, 56, 62]. Robust methods in this realm will lead to better space domain
awareness (SDA) while reducing the cost of sensors and optics [5]. They are especially relevant in the search for
high area-to-mass ratio (HAMR) objects, as their apparent brightness can change significantly over time [45]. A
track-before-detect (TBD) approach has been shown to be suitable for faint, low signal-to-noise ratio (SNR) images
of resident space objects (RSOs). TBD does not rely upon the extraction of feature points within the image based
on some thresholding criteria, but rather directly takes as input the intensity information from the image file [8, 44].
Not only is all of the available information from the image used, TBD avoids the computational intractability of the
conventional feature-based line detection (i.e.,“string of pearls”) approach to track detection for low SNR data.
Implementation of TBD rooted in finite set statistics (FISST) theory has been proposed recently by Vo, et al. [36,37,58]
Compared to other TBD methods applied so far to SDA, such as the stacking method or multi-pass multi-period
denoising, the FISST approach is statistically rigorous and has been shown to be more computationally efficient,
thus paving the path toward on-line processing. In this paper, we apply a Bernoulli filter to actual CCD imagery of
RSOs [42]. The Bernoulli filter can explicitly account for the birth and death of a target in some measurement arc.
TBD is achieved via a sequential Monte Carlo (SMC) implementation. For four minute arcs of 29 images, targets with
SNR as low as 2.6983 are tracked to 3 arcsec accuracy in image plane position and 0.07 arcsec/sec in velocity.
Although the advent of fast-cadence scientific CMOS sensors have made the automation of faint object detection a
realistic goal, it is nonetheless a difficult goal, as measurements arcs in space surveillance are often both short and
sparse [16, 50]. FISST methodologies have been applied to the general problem of SDA by many authors, but they
generally focus on tracking scenarios with long arcs or assume that line detection is tractable [3, 4, 10, 11, 19, 20, 24–
26, 28–30, 33]. We will instead focus this work on estimating sensor-level kinematics of RSOs for low SNR too-short
arc observations. Once said estimate is made available, track association and simultaneous initial orbit determination
may be achieved via any number of proposed solutions to the too-short arc problem, such as those incorporating the

admissible region [12, 17, 39, 43, 47, 51, 54, 61]. The benefit of combining FISST-based TBD with too-short arc association goes both ways; i.e., the former provides consistent statistics regarding bearing-only measurements, whereas
the latter makes better use of the precise dynamical models nominally applicable to RSOs in orbit determination.
The outline of this paper is as follows. We first motivate the use of TBD for space surveillance with optical sensors
(Section 2). Then, we discuss the current literature on FISST applications to SDA and TBD (Section 3). After a brief
introduction of the Bernoulli particle filter (Section 4), the “fine print” of TBD encountered during the implementation
are detailed, with a focus on improving filter performance through tunable parameters and the measurement likelihood
function (Section 5). Finally, filter results are analyzed for three tracks of varying SNR (Section 6).

2.

SENSOR-LEVEL TRACKING IN SDA

Traditionally, the detection of astronomical objects in telescope imagery has been achieved through a detect-beforetrack (DBT) approach, in which a group of pixels above a user-defined intensity threshold are assigned to a corresponding hypothesized object [46]. In more modern algorithms, one may additionally require that the pixels follow some
point spread function (PSF) [64] or assign hypothesized objects based on the signal’s local energy instead of a uniform threshold [32]. If some subset of these hypothesized objects follow an admissible kinematic motion – nominally,
linear constant velocity motion for RSOs – then the objects are said to form a track or tracklet. Although this “string
of pearls” approach has been very successful thus far and certainly has its benefits, such as drastically compressing
the information from each image to a small set of coordinates, it also could become a computational bottleneck in
space surveillance should either the total number of images or hypothesized objects in a track drastically increase.
Quantitatively, the run-time complexity of DBT is order O(n m ) if n hypothesized objects are assigned in each image
for a track of m images. An increase in both m and n are realistic concerns in SDA as the sensitivity and, especially
with the advent of scientific CMOS sensors, the temporal resolution of image sensors improve rapidly in the coming
years. Furthermore, there is an inherent loss of information by treating detection as a boolean decision, rather than
a probabilistic one, as well as by separating it from subsequent SDA tasks such as tracking, characterization, and the
delivery of actionable information.
An alternative approach is track-before-detect (TBD), in which intensity information from entire images are processed
instead of solely their characteristic points. There are three major advantages to TBD. First, the run-time complexity is
order O(m); i.e., it is no longer dependent on the number of objects in the image and only scales linearly with respect
to the number of images in the track. It is possible to reap the benefits of this linear growth even with small values of
m. Most notably, the dimensionality of the kinematics is four (two position states and two velocity states in the image
plane) instead of the six in the three-dimensional orbit problem, making highly robust implementations of TBD, like
SMC, a viable option. In fact, although only proposed as future work in this paper, we envision real-time processing
of fast-cadence imagery of RSOs by employing general-purpose computing on graphics processing units (GPGPU),
to which TBD is highly amenable.
Second, the state uncertainty of RSOs is rigorously characterized at the time of measurement. This information may be
carried on throughout the SDA workflow via numerous techniques studied in recent years [9, 18, 21, 22, 27, 31, 38, 57],
as well as inform the development of better physical models for measurement error. Such consistent quantification of
RSO state uncertainty starting at the sensor-level is integral to “improv(ing) space safety.” [15]
Finally, as TBD methods infer the existence of objects based on multiple images rather than assign hypothesized
objects per image, they have been shown to excel when SNR is low [8, 44, 58]. A study of the Pareto frontier for
a Raven-class telescope suggested that “the SNR threshold required by the detection algorithm largely influences
the overall detection capability of the system.” [5] Improved detection at low SNR will also enable minimalist passive
sensors to make substantial contributions to SDA [48]. Therefore, TBD will greatly enhance the utility of both existing
and future SDA optical sensors without significant, if any, hardware investment.
Initial work in TBD for optical observations of RSOs emerged from the stacking method proposed by Yanagisawa, et
al., where low SNR RSOs are surfaced through a brute-force search for its motion in the image plane [63]. Images
in a track are successively displaced by some constant amount. If an RSO in the image plane moves at the same rate
as the displacements, then the median intensity value in its vicinity should be higher than the background. In order
to reduce the number of displacement hypotheses that must be tested per track, the method has been implemented

on an FPGA [62] as well as combined with a priori information from RSO population models [55]. More recently,
a Bayesian estimation approach was taken in [56], where the measurement likelihood function of RSOs was first
determined by a genetic algorithm. RSOs were subsequently tracked with a particle filter. Independently, the banked
matched filter (MF) was studied by Murphy, et al. [40]. Here, beginning with partial a priori state information, such
as a short-arc measurement, one may generate a bank of templates regarding what one can expect to image at a later
time. When a convolution with the actual observations is computed, templates that resemble the true state result in
an increase in SNR; a subsequent hypothesis test gives the probability of detection. As these templates are inherently
assigned to only a localized area in the sensor frame, the banked MF is computationally efficient. Furthermore, the
aforementioned probability of detection can directly be inserted as a PDF into a Bayesian estimator. Another approach
proposed by Dao, et al. is based on the concept of random sampling and consensus (RANSAC) [7]. Detection is
achieved by searching for a statistically significant series of characteristic points, chosen according to user-defined
criteria on the PSF and intensity, which align linearly in a data cube.
The goal in this work is to combine the stacking method’s a priori state free generality with the statistical rigor of
filtering approaches. We apply a new family of estimation algorithms called random finite set (RFS) filters. In the
next several sections, we outline their benefits and how they have been applied to SDA thus far. We then focus on one
particular flavor: the Bernoulli filter.

3.

FISST AS APPLIED TO SDA AND TBD

One important assumption in Bayesian estimation, which has been the workhorse of orbit determination since the
beginning of spaceflight [53], is that the measurements being processed are of and only of the object being tracked.
Therefore, data association is usually treated by a separate heuristic preprocessor. In many scenarios pertinent to space
surveillance, however, this assumption is no longer valid; not all RSOs are bright enough to produce a consistent signal
for the entirety of a track, for instance. In addition, data association by itself can become computationally intractable
unless association hypotheses are properly gated [1, 52].
RFS filters, which operate on unordered finite sets, are one proposed solution to these problems. RFSs are fully
specified by the distribution of the number of elements in the set (cardinality) and the joint distribution of the elements
conditioned upon the cardinality. As such, RFS filters can explicitly account for multiple tracking targets or, more
importantly for TBD, the complete lack thereof. Furthermore, one may retain notions such as probability density
functions (PDFs), their statistical moments, and Bayes rule for RFSs via the FISST framework; e.g., the FISST PDF
of an RFS X = {x1 , . . . , xn } comprised of n elements is [42]
f (X) = n! · ⇢(n) · pn (x1 , . . . , xn ),

(1)

where ⇢ is the cardinality distribution and pn is the joint distribution of the elements. We refer readers to a short list
of existing literature for further details [34–36, 42].
Perhaps the most direct application of FISST-based methods to SDA is to assign an RSO’s state to each set element.
As the exact multi-Bayesian RFS filter is often intractable, many approximations exist and have been applied to
SDA [11, 24], including but not limited to the GM-PHD [10], GM-CPHD [19, 29], ISP [4], and GLMB filters [30]. If
we look to survey papers, comparisons between di↵erent RFS filters and competing multi-target multi-sensor tracking
methodologies are presented in [3, 20, 33], and challenges specific to the SDA problem are outlined in [28]. Finally,
solving the joint sensor management and allocation problem using FISST is discussed in [26, 65, 66], and the joint
classification problem in [25].
The Bernoulli filter is a RFS filter for which the cardinality distribution is given as a Bernoulli distribution; that is, we
specify and subsequently estimate the probability q that a target exists [42]. It thus allows for an explicit distinction
in the measurement likelihood function based on whether or not an RSO is in the field of view. Furthermore, it
may be extended to a multi-target problem by defining a multi-Bernoulli or labeled multi-Bernoulli RFS [35, 59, 60].
The family of Bernoulli filters has successfully been applied to TBD [23, 41, 58]; this proven track record is another
motivation for us to apply the Bernoulli filter to actual CCD imagery of RSOs.
Finally, we note here that, in this paper, we choose to focus on sensor-level tracking as we are reminded of the lack
of astrometric information one gains from short-arc optical observations of RSOs [16]. Even as sensor technology

advances, survey designs that emphasize coverage will continue to produce tracks that cover only a minute fraction
of an object’s orbit. On the other hand, it has been shown that additional information such as the estimated rate-ofchange of the sensor bearing [12, 17, 54, 61], integral invariants of the orbital motion [39], or special solutions to the
Lambert problem [43, 47, 51] allows one to greatly constrain the measurement likelihood function. As such, instead of
a “top-down” approach where the immediate purpose of RFS filtering is to holistically track and characterize the RSO
population, we take a “bottom-up” approach where we initially aim to distribute measurement information to a limited
yet sufficient set of states. As time passes and more measurement or dynamical information becomes available, the
problem can be constrained in higher dimensions so as to add more states and parameters to our knowledge of RSOs.
We present RFS filters, then, as a means to e↵ectively conduct this initial distribution of information – e↵ective
both in terms of computational efficiency and low SNR performance – as well as gain probabilistic metrics on said
e↵ectiveness.

4.

BERNOULLI PARTICLE FILTERS

We introduce the prediction and update equations for the Bernoulli filter; a more thorough treatment is given in [42].
Assumptions made in the derivation are listed below
• The measurements are assumed to be statistically independent of the state RFS
• The state RFS dynamics is a Markov process with a known transitional density
• The initial state PDF, initial target existence probability, and target birth / survival probabilities are known
Given that measurements taken at time t 0 through t k 1 have been processed to obtain state x0, the prediction and update
steps to obtain the probability of existence of a target object q and a PDF s(x) for the state x is
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where pb is the probability of a target being born during t k 1 to t k , ps is the probability of a target surviving
during the same timeframe, b(x) is the PDF of the target birth process, and ⇡(x|x0 ) is the Markov process
transitional density.
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where the n measurement elements z k(1) , . . . , z k(n) , nominally individual pixel intensities, at time t k are expressed
as a vector zk , g1(i) is the likelihood function of element z k(i) when a target exists at xk , and g0(i) is that when a
target does not exist.
We note that the integrals in the equations above generally cannot be computed analytically. The most robust quadrature is an SMC, in which PDFs are expressed as an ensemble of weighted sample points. Suppose that the a posteriori
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Of the N samples, B samples are used to represent the object birth density; i.e., the first term in eq. (3). If we index
these samples as i = N B + 1, . . . , N,
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and qk |k may be computed via eq. (6). The integral in the state PDF update is, in essence, a normalization factor
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where N B samples of
are chosen from
with a probability corresponding to their individual
weights, and the remaining B samples are drawn from the birth density. Standard methods in SMC to avoid degeneracy
are applicable to the SMC implementation of the Bernoulli filter as well, such as regularization. Again, we refer readers
to a short list of existing literature on SMC for further details [2, 13, 14].

5.

PROCESSING TELESCOPE DATA USING BERNOULLI FILTERS

To test the performance of the Bernoulli filter in processing RSOs, we process three optical tracks of varying SNR
taken during the night of October 21, 2011 at the National Central University Lulin Observatory in Taiwan [56]. We
shall refer to them as Tracks 1, 2, and 3. Images in the tracks have been preprocessed to remove limb-darkening,
bias, and bright stars, then cropped such that they contain exactly one RSO target. Finally, the intensity values are
normalized such that the median of the maximum intensity of each image corresponds to an intensity of 1. The visual
magnitudes of the targets are 16.70 in Track 1, 17.68 in Track 2, and 18.22 in Track 3. In terms of SNR as defined
through the coefficient of variation, they are 9.0095, 4.4797, and 2.6983, respectively. Relevant specifications and
parameters of the measurement data are listed in Table 1, and representative images are in Figures 1 and 2. Additional
information regarding the data set can be found in [56].
The target state we’d like to estimate are the kinematic position and velocity [x, y, ẋ, ẏ] in the image plane. We assume
that RSOs appear to move in a linear constant velocity motion with a constant acceleration, unbiased process noise of

Table 1: Relevant instrument specifications and data parameters. (Originally in [56])
Spec

Value

Detector type
(# of Images)/track
Size
Resolution
FOV
Exposure time
Readout time
Mount tracking

CCD (white light)
29
301 px ⇥ 301 px
3 arcsec/px
0.25 deg
5.9 sec
2.66 sec
O↵ (Earth-fixed)

Figure 1: The first image frame from each track. From left to right, Track 1, 2, and 3.

Figure 2: RSOs cropped out from Tracks 1 (top row), 2 (middle row), and 3 (bottom row). Time elapses from left to
right. (Originally in [56])

0.1 px/s2 standard deviation. We assume that there is no a priori information regarding the initial state of the target
nor its existence probability; thus, we set the initial state PDF to be uniform with a support of [0, 300] px in position
and [ 2, 2] px/sec in velocity. We similarly assume no a priori information for the target birth process. The target
birth probability is set to 0.05, and the survival probability to 1.
We base our measurement likelihood function on the one proposed in [58]
f
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where Ik is the source intensity, h is the blurring factor, and (i x ,i y ) are the image plane coordinates of pixel (i).
Ik determines the sensitivity of the conversion from pixel intensity values in the vicinity of a particle to the particle
weight. The likelihood ratio is
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Although functions better suited for raw CCD intensity output certainly exist – e.g., those with a strictly positive
support – the one proposed is fast to compute. Further cautionary notes regarding the likelihood function are listed
here.
Parameter selection Nominally, one would choose parameters 0 , µ0 , h , and Ik based upon statistics of the measurement data. Such values, however, make eq. (4) much larger than can be handled even with extended precision arithmetic. Thus, in this paper, we estimate only µ0 , which are enumerated in Table 2, by taking the mean
intensity over each image. The rest are treated as tuning parameters: h = 1 for all tracks, whereas 0 and Ik
are set as in Table 2. To elevate the Bernoulli filter to space surveillance operations, methods to automatically
choose these parameters should be studied.
Clutter It is apparent from Figures 1 and 2 that not all of the signal in the tracks originate from RSOs. The likelihood
function, then, must account for spurious inputs such as bright stars that are only partially removed, dim stars
that are not removed, and false detections due to cosmic rays. As the target RSOs and exposure times chosen in
the current dataset are such that RSOs do not appear as streaks, we amend eq. (14) such that
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For each particle, a Student’s t test for normality is conducted on the intensity values for the fourth to ninth
closest pixels for all horizontal scan lines in the image. If the p-value is less than some user-defined minimum
pt,min , then the signal is deemed to be so spread out that it is due to a streaking star rather than an RSO. Similarly,
a normality hypothesis test based on kurtosis is conducted on the intensity values for the nine closest pixels for
all horizontal scan lines in the image [6]. If the p-value is less than some user-defined minimum pk,min , then the
signal is deemed to be so leptokurtic, i.e., “peaked,” that it is due to a cosmic ray rather than an RSO. pk,min is
set to 5 ⇥ 10 5 for all tracks, whereas pt,min is set as in Table 2. The higher pt,min is set, the more aggressively
the filter will ignore signal that are spread out.

Much more work is required to devise a statistically rigorous yet computationally tractable likelihood function suitable
for RSOs in all orbital regimes, and thus will be the focus of future development. We are encouraged by the results
in [40], which suggest that even a small amount of a priori information can strongly constrain both the search volume
and shape of RSO imagery.

Table 2: Filter parameters chosen for each track.

µ0 (Estimated)
Ik
pt,min
N

Track 1

Track 2

Track 3

0.079066
0.375
0.01
10,000

0.10309
0.50309
0.1
20,000

0.10722
0.60722
0.2
20,000

The particular flavor of SMC implemented for this paper is a post-regularized particle filter using the optimal bandwidth for a Gaussian kernel [13]. All computation was conducted in GNU Octave on a quad-core Intel Core i5
(Haswell, 3.40 GHz) workstation with 16 GB of RAM. The number of particles in the SMC was largely constrained
by RAM; Octave became unstable if more than 20,000 particles were processed. The number of particles N used to
process each track is given in Table 2. Computation time was approximately 2 frames/minute for every 104 particles
in the SMC.

6.

RESULTS

Figures 3 – 6 are results from successful Bernoulli filter runs. For each track, Figures 3 – 5 show the evolution of the
SMC particle cloud along with the estimated probability of target existence, and Figure 6 contain the time histories of
the estimated mean accuracy and covariance. Note that for Track 3, the filter did not converge reliably with the number
of particles that fit in memory. A “hot start” was thus implemented; the support of the initial state PDF in position
space was reduced to a 100 px ⇥ 100 px region about the true position.
All runs shown converge to within 1 px of the true position and 0.2 px/frame in velocity in both the x and y directions,
which correspond to 3 arcsec and 0.07 arcsec/sec error in angle / angle-rate. The estimated covariances are consistent
with the actual estimation errors. As noted previously, these statistics may directly be handed down the SDA workflow,
be it initial orbit determination or conjunction assessment algorithms. Additionally, the proposed likelihood function
is e↵ective in distributing SMC particles only in the vicinity of signal from RSOs.

One “lesson learned” that emerged from these results is that even in solving for the projected motion of the RSO in the
image plane, the number of particles required for the filter to converge became rather large for low SNR observations.
Since we have ignored shape parameters of targets in this work, all of the instantaneous information from images
are in the position space. Velocity space information arises solely from the dynamics; particles are heavily weighed
over multiple images if their velocity is close to truth. Therefore, the particle cloud after the update step must have
enough instantiations in the velocity space for an object to be consistently tracked. There are multiple paths we can
take to alleviate this issue. For example, we are motivated to conduct future work in a compiled language with multicore or GPGPU support to drastically increase the number of particles in the SMC while retaining fast computational
turnaround [49]. Alternatively, we can improve the implementation of the Bernoulli particle filter; e.g., add labeled
RFSs [23, 59] or change the regularization technique [13].

7.

CONCLUSIONS

In this paper, a Bernoulli particle filter that directly processes sensor output from electro-optical systems is implemented so as to simultaneously detect and track resident space objects. Compared to current operational practices
in ground-based optical space surveillance, the proposed method has the potential to reduce computational burden
for high-sensitivity fast-cadence imagery, provide consistent uncertainty quantification from the time of observation
through the delivery of actionable information, and lower the signal-to-noise ratio required to maintain object custody. Approaches rooted in finite set statistics, like the Bernoulli filter, are advantageous in their ability to explicitly
account for multiple targets or the lack thereof. In the implementation, filter parameter selection and clutter rejection
through the measurement likelihood function were identified as having the largest influence on filter performance.

Figure 3: Evolution of particle cloud for Track 1 in red. Time flows from left to right, then top to bottom. Contour of
pixel intensity in grayscale. True position state indicated by cyan lines. In the bottom right, the estimated probability
of target existence as a function of time.

Figure 4: Evolution of particle cloud for Track 2 in red. Time flows from left to right, then top to bottom. Contour of
pixel intensity in grayscale. True position state indicated by cyan lines. In the bottom right, the estimated probability
of target existence as a function of time.

Figure 5: Evolution of particle cloud for Track 3 in red. Time flows from left to right, then top to bottom. Contour of
pixel intensity in grayscale. True position state indicated by cyan lines. In the bottom right, the estimated probability
of target existence as a function of time.
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Figure 6: Dots indicate the error in the estimated mean position (top) and velocity (bottom) as a function of time.
Lines are the ±3- bounds as derived from the estimated covariance.

The Bernoulli filter was successful in detecting and tracking objects in actual data with signal-to-noise ratio as low as
2.6983, although a “hot start” was necessary as only 20,000 filter particles fit in memory for our particular setup. Further improvements can be made in the likelihood function, parallelizing the filter, automating filter parameter choice,
and implementing a more appropriate flavor of the Bernoulli or SMC filters.
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