


In concluding the analyses of this paper, we refer back to Fig. 9 and note that the Piazzi observation span of forty
days is quite short, considering that the orbital period of Ceres is about 4.6 years. So what might the geocentric
ephemeris of Ceres, as viewed from Palermo, look like for a much longer period of time?

To answer this question, we relied again on the results of using HDC to fit the Ceres orbit to the 13 ORBIT2-
predicted right ascensions and declinations, beginning 1801 January 1 and ending 1801 December 27, over twelve
equal 30-day intervals of time. That orbital solution was propagated to1806 May 23 (1968 days of ephemeris) at
equal 10-day intervals to smooth out the trace. The trace is plotted in Fig. 10.

Karl Friedrich Gauss is revered among mathematicians for his contributions to vector analysis, differential and non-
Euclidean geometry, statistical theory, and the foundations of algebra [20]. We are mindful that (a) the key
algorithm in HGM is a variant of Gauss’s own Lambert solution, (b) Der IOD has a Gaussian framework, (c) Batch
UPM DC, as a statistical method, has its theoretical basis in the Third Section, Articles 172-189 of Theoria Motus,
and finally, (d) the gravity constant of orbital motion in our solar system, k = 0.01720209895 AU** per day, i.e., the
fundamental dynamical constant in ORBIT2’s solar system numerical integration, is called the Gaussian constant.

Fig. 10. Path of Ceres from 1801 January 1 to 1806 May 23. This figure shows what the path of Ceres, as a dwarf planet in the
asteroid belt, looked like from the date of Ceres’s discovery by Piazzi through its observation by Olbers, Harding, and Bessel in
1805-1806.

7. SPACE SITUATIONAL AWARENESS, THEN AND NOW

Space situational awareness is a relatively new term in the ever-growing lexicon of military space, but it is by no
means a new concept in astronomy.

Then

Space situational awareness, as practiced in astronomy, took off with the invention of the telescope. The Palermo
Circle was a specialized kind of telescope whose chief use was for measuring precisely and accurately the right
ascensions and declinations of stars, for the purpose of star catalog compilation. Star catalogs were needed in order
to surveil the skies for new comets, to determine more precisely the orbits of the known major planets, and to search
for suspected new planets between the orbits of Mars and Jupiter.
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Prior to Piazzi's 1801 January 1 discovery of Ceres, done with the aid of the Palermo Circle, telescopes were used
mainly to observe the Moon, the major planets, and the moons around these major planets (the moons of Jupiter --
the four Galilean satellites -- being of especial interest). And of course, astronomers were keenly interested in the
discovery of comets and in the determination of their orbits. Piazzi's discovery confirmed to astronomers that there
were yet other classes of objects in in our solar system to be surveiled and studied.

So Piazzi's discovery of Ceres, Gauss's determination of that first-discovered asteroid's orbit, and von Zach's
recovery of Ceres using Gauss's search ephemeris not only marked major milestones in observational and
mathematical astronomy, but also major milestones in space situational awareness.

Now

We could not be faulted for thinking that modern space situational awareness had its beginning with the launch of
the Russian Sputnik 1 satellite in 1957. But astronomers were even then quick to point out the applicability of
Gauss's angles-only method to determination of the orbit of Sputnik 1 and the orbits of the many other artificial
Earth satellites soon to follow.

The U.S. Air Force acknowledged the need to track and catalog man-made Earth satellites with the implementation
of Project Space Track in 1957 and stood up a National Space Surveillance Control Center in 1959 at Hanscom
Field in Massachusetts. That operations center evolved into the Space Defense Center that moved into the NORAD
Cheyenne Mountain Complex (NCMC) in 1965 in Colorado.

The NCMC sheltered a succession of operations-supporting space surveillance computer systems, e.g., the Delta
System, the 427M Space Computational Center, and the Space Defense Operations Center (SPADOC), the last of
which, after several more incremental upgrades, is today the Joint Space Operations Center at Vandenberg Air Force
Base in California. Advances in computers, astrodynamic algorithms, and computer programs have continued over
the years along with advances in radar tracking and electro-optical tracking/imaging technology.

For deep-space objects (those with orbital periods greater than 225 minutes), electro-optical tracking is still to be
preferred in the general case for reasons of cost and safety. But for these kinds of objects, angles-only measurements
are still required for catalog building with UCT discovery, confirmation, and follow-up observations; and for catalog
maintenance.

Preliminary orbit determination (e.g., Der IOD and HGM) and the differential correction of the initial orbital state
estimates (Batch UPM DC) apply during the discovery, confirmation, and follow-up phases at electro-optical sites.
But these methods belong just as much in the codes of a space situational awareness operations center, where the
observations from all electro-optical sensors are combined in order to maintain a catalog of man-made, deep-space
Earth satellites.

So Piazzi's discovery of Ceres during 1801 January-February and von Zach's recovery of that first-known asteroid
on the night of 1801 December 31 - 1802 January 1 are noted in support of our assertion that modern space
situational awareness really had its beginning with Piazzi, Gauss, and von Zach. Of course, what has changed up to
the present is that we now have more sophisticated computer technology and telescopes. But what has not changed
is that modern orbit determination and differential correction techniques are still valuable, powerful, and worthy of
continued attention and improvement.

And the need for ever-more accurate star catalogs is still with us, because the more precisely and accurately we
know the positions of our reference stars, the more precise and accurate will be our right ascension and declination
measurements of space objects of interest. So Piazzi and his fellow astronomers were space situational awareness
pioneers for their work in compiling star catalogs, too.
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8. SUMMARY AND CONCLUSIONS
The analyses described in this paper are summarized as follows.

1. ORBIT2 was used to numerically integrate the orbit of the asteroid now designated as “1 Ceres” back to the
times of Piazzi’s observations, and ORBIT2-computed observations were generated at Piazzi’s observation times.
The results were placed in Table 1 for comparison.

2. HGM and Der 10D were used to generate preliminary osculating orbital elements for Ceres using both the
ORBIT2-computed observations and the actual Piazzi observations. HGM placed epoch at the time of the first
observation on 1801 January 1, and input 19 observations, whereas Der IOD placed epoch at the time of the second
observation on 1801 January 22, and input three observations.

3. Batch UPM DC was used to generate improved osculating elements for Ceres using all 19 of the complete
Piazzi observations. Through examination of the residuals plots for the final iteration of the DC, it became evident
that the third and sixth observations spoiled the fit. So Batch UPM DC was run again with the 17 best Piazzi
observations (the two spoilers being excluded) in order to arrive at a better solution (lower RMS of residuals).

4. The Batch UPM DC solution for the best 17 Piazzi observations was plotted in the night sky of 1801, as
depicted by Software Bisque’s TheSkyX Professional, together with ephemeris points from the highly accurate
ORBIT2 numerically-integrated orbit with epoch on 1801 January 1. It was seen that although the 17-best-Piazzi-
observations solution led the ORBIT2-integrated solution in time, both solutions resulted in the same trace in the sky
during most of 1801.

We note that planetary aberration and light-time displacement were investigated, but not found to be significant
factors in the analyses. Also, there was little change in the solutions when Piazzi's observations were treated as
geocentric rather than topocentric.

All of the P and Q residuals with HGM were smaller than 40 arc-seconds, approximately 2/3 of an arc-minute (quite
good). It is likely that Piazzi's estimates of the local mean times were quite good, and that the measurements of right
ascension and declination using the Palermo Circle were quite good.

But given that European astronomers were still in the process of compiling, refining, and standardizing their
reference star catalogs in the early 1800s [1, p. 23, point 3], it seems likely that the greatest errors in the
measurements were in right ascension (see again Fig. 5 in Section 5).

We conclude that by applying contemporary algorithms and models to an example of solar system orbit
determination requiring highly-precise numerical integration of the orbit going back more than two centuries into the
past, we have demonstrated the following.

1. HGM, Der 10D, and Batch UPM DC are powerful contemporary tools for gaining and maintaining space
situational awareness, the principal application being rapid determination of the osculating orbits of high-interest
objects, both geocentric and heliocentric, when time is of the essence.

2. ORBIT?2 is a powerful tool for potentially modeling cislunar and interplanetary trajectories, e.g., lunar close
approaches and flybys, and interplanetary trajectories that approach more distant solar system objects.
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10. ADDENDUM: AN UNEXPECTED FINDING

With Gauss's search ephemeris newly in hand, it was possible to convert the geocentric ecliptic longitudes and
latitudes to right ascensions and declinations (see again Table 4, Section 6) and to plot the resulting angles-only
(right ascension, declination) sky trace vs. the sky traces predicted by ORBIT2 and the Batch UPM DC solution
with the 17 best Piazzi observations. That is done in Fig. Al.
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Fig. Al. Sky Plot of Gauss Search Ephemeris Points (Green) vs. ORBIT2 (Blue) vs. Batch UPM DC with 17 Best Piazzi
Observations (Red). Declination is on the vertical axis and goes from -90 degrees to +90 degrees. Right ascension is on the
horizontal axis and goes from 2 hours to 14 hours (ignore the minus signs preceding the right ascension labels, which are a
consequence of the fact that Mathcad assumes that the horizontal axis scale values ascend from left to right, whereas on a star
chart, right ascension ascends from right to left). Ecliptic path of Sun in 1801 is dotted line. Stars are omitted to emphasize
calculated positions of Ceres.

It is clear from the figure that on the seven dates 1801 November 25 through December 31 spaced six days apart,
with the night of 1801 December 31 - 1802 January 1 being the night that von Zach recovered Ceres, all of the
plotted positions agree well with each other.

But is it possible to tell which ephemeris, (a) the Gauss search ephemeris or (b) the Batch UPM DC ephemeris (i.e.,

the ephemeris obtained by propagating the Batch UPM DC solution with 17-Piazzi observations), is closer to the
ORBIT2-predicted ephemeris?

To answer this question, we replotted the part of the sky trace that contains the seven ephemeris points from 1801

November 25 through 1801 December 31 and extended the ORBIT2 sky trace farther into 1802. Fig. A2 shows the
resulting plot.
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Fig. A2. Gauss Search Ephemeris Points (Green) vs. Ephemeris Points Derived from Batch UPM DC Solution with 17
Best Piazzi Observations (Red) vs. ORBIT2 Ephemeris. ORBIT2 ephemeris points are plotted at 10-day intervals in this plot.

We see in Fig. A2 that there are seven green plusses (Gauss) and seven red plusses (Batch UPM DC with 17 Piazzi
observations), and that the corresponding ephemeris points are close to each other. But we can also see that the
green plusses seem to be closer to their corresponding points on the ORBIT2 sky trace than the red plusses are to
their same corresponding ORBIT?2 sky trace points (see Note* below). The implication is that the Gauss search
ephemeris is slightly better than the ephemeris derived from the Batch UPM DC solution with the 17 best Piazzi
observations. (*Note: Due to 10-day spacing of ORBIT2 ephemeris points in Fig. A2, the tick marks for the
ORBIT2 ephemeris points that correspond to the time points of the Gauss search ephemeris are not all shown. But
they are indeed shown in black in Fig. A3, below.)

So this was the unexpected finding: that the Gauss search ephemeris, which resulted from Gauss's determining the
orbit of Ceres in 1801 from just three Piazzi observations, is better than the ephemeris we get when we propagate the
Batch UPM DC solution with the 17 best Piazzi observations. This situation suggested that we do a Batch UPM DC
with just the three observations that Gauss used. Fig. A3 illustrates the results.

25

20|

e -~ v ~ Gauss'? -~ Mz

Fig. A3. Gauss Search Ephemeris Points (Green) vs. Batch UPM DC Ephemeris Points As Derived from the Three Piazzi

Observations that Gauss Chose (Red) vs. ORBIT2 Ephemeris Points (Black). ORBIT2 ephemeris points are plotted at same
6-day intervals as the other points in this plot.
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We see in Fig. A3 that the red plusses are closer to the corresponding black plusses than the green plusses are to
these same black plusses. So in this case, the ephemeris derived from the Batch UPM DC solution, using precisely
the three observations that Gauss chose for his own IOD, is (slightly) better than Gauss's search ephemeris. We
attribute this slight improvement to our having a better solar ephemeris model to work with in 2016 than Gauss had
available to him in 1801.

To sum up, we are inclined to think that a modern, nonlinear least-squares orbit determination with 17 observations
should be better than a preliminary orbit determination with just the minimum number of three observations.

But Gauss has shown us, using the example of the 1801 discovery orbit of Ceres, that sometimes one can get a better
solution by carefully picking just the minimum number of three observations, even when many more good
observations are available.

FINAL NOTE

When the paper to which this Addendum was added was originally conceived and outlined, we did not have in hand
any of von Zach’s Monatliche Correspondenz relating to the discovery and recovery of Ceres in 1801. We had
simply planned to apply our contemporary algorithms to Piazzi’s observations and to report the results, on the
assumption that with our contemporary models, we could vet each of Piazzi’s 19 usable observations individually in
a way that was not possible in 1801. And we did that.

But when we found out, in March 2016, that von Zach’s 1801 correspondence with Gauss and Piazzi has recently
become available as a Nabu Public Domain reprint, we immediately obtained a copy and translated from German to
English the most important and relevant article, the one dated December 1801 [3, pp. 638-649], since this article
contained Gauss’s search ephemeris for the recovery of Ceres just as Gauss had communicated it to von Zach.

With Gauss’s search ephemeris in hand, we could now do much more analysis, but the results did not neatly fit with
the outline that we had originally conceived for the paper. Hence this Addendum.
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GLOSSARY OF ACRONYMS

Acronym Meaning

AAS American Astronautical Society or American Astronomical Society
ATAA American Institute of Aeronautics and Astronautics
DC Differential Correction

DDA Division on Dynamical Astronomy

DE Development Ephemeris of JPL

DEC Declination

ECI Earth-Centered Inertial

HDC Batch UPM DC of a Heliocentric Orbit

HGM Herget/UPM 10D

10D Initial Orbit Determination

JPL Jet Propulsion Laboratory

LMT Local Mean Time

MOD Mean of Date

NASA National Aeronautics and Space Administration
NCMC NORAD Cheyenne Mountain Complex

NORAD North American Aerospace Defense Command
ORBIT2 Der's Version of Lear's Solar System Numerical Integration Program
RA Right Ascension

RMS Root Mean Square

SPADOC Space Defense Operations Center

SSA Space Situational Awareness

TOD True of Date

UCT Uncorrelated Target

UPM Uniform Path Mechanics

USNO U.S. Naval Observatory
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