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ABSTRACT 

 

Pursuit-evasion (PE) games are mathematical tools to model the space situational awareness (SSA) problems, such 

as satellite interception, collision avoidance, and space sensor management. Early work in pursuit-evasion games 

took place before the wide availability of computers and software packages. Consequently, the application of PE 

game theory to useful problems has been limited, since all calculations had to be done analytically. In this paper, we 

developed enhanced indirect solutions by combing two-sided non-linear programming and multi-objective 

optimization based initial solution guess for orbital PE games. In the proposed solution framework, the first step is 

to obtain a good initial value, and the second step is to iteratively revise the solution by using an open source non-

linear programming (NLP) solver, Nonlinear Optimization (NLOPT). The better the initial value, the faster the 

numerical solution converges. In this paper, we apply nondominated sorting genetic algorithm II (NSGA II, a 

dominance-based algorithm) to generate an initial guess for our numerical game solution. Numerical results are 

simulated to demonstrate the effectiveness of the enhanced numerical PE game solution. 

 

 

1. INTRODUCTION 

 

Pursuit-evasion (PE) games [1,2] are mathematical tools to model the space situational awareness (SSA) problems, 

such as satellite interception, collision avoidance, and space sensor management. Early work in pursuit-evasion 

games took place before the wide availability of computers and software packages. Consequently, the application of 

PE game theory to useful problems [3,4,5] has been limited, since all calculations had to be done analytically. It is 

well known [6] that the solution of pursuit-evasion games with realistic dynamics must be found numerically. As is 

the case for optimal control problems, numerical solutions for PE games often fall into two categories, direct 

methods and indirect methods. The basic procedure for indirect methods is to take the system dynamics, form the 

Hamiltonian, derive the necessary conditions, and then solve the boundary value problem numerically using 

information about the states and costates at the boundaries. Conversely, in direct methods, the game problem is 

converted to a nonlinear programming problem and the solvers only need to know the system dynamics, control and 

state constraints, and the objective function, without the need for costate information.  

 

Indirect methods are marked by their high accuracy and the production of a solution that satisfies the necessary 

conditions of optimality. In this paper, we developed enhanced indirect solutions by combing two-sided non-linear 

programming (NLP) and multi-objective optimization based initial solution guess for orbital PE games, where the 

pursuer minimizing the satellite interception time while the evader maximizing interception time for collision 

avoidance. The interception-avoidance (IA) PE game approach provides a worst-case solution, which is the robust 

lower-bound performance case. 

   

In the proposed solution framework, the first step is to obtain a good initial value, which will be iteratively revised 

by an open source NLP solver, NLOPT [7]. The better the initial value, the faster the numerical solution converges. 

In this paper, we develop a multi-objective optimization approach to approximately solve PE game problems and 

use the approximate solution as the initial value for NLOPT. In the literature, there are three categories of 

evolutionary solutions for multiple objective problems: dominance-based algorithms, aggregation-based algorithms, 

and indicator-based algorithms. In this paper, we apply NSGA II (a dominance-based algorithm) [8] to generate an 

initial guess for our numerical game solution. The main reason is that NSGA II has been coded in SciLab [9], which 

is free and open source software for numerical computation providing a powerful computing environment for 
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engineering and scientific applications. As a user case, a two-satellite IA problem is modelled using a PE game and 

is simulated to demonstrate the effectiveness of the enhanced numerical PE game solution. Various multi-objective 

settings are tested and analyzed to obtain a good initial value. Then the settings of NLOPT to solve the PE game are 

presented and results are discussed. At the end, the conclusion is drawn and the future work is laid out too. 

 

 

2. PURSUIT-EVASION GAME AND SOLUTION FRAMEWORK 

 

For a general pursuit-evasion game with pursuer player P and evader player E, the system dynamics is   

 

�̇� = [
�̇�𝑝

�̇�𝑒
] = [

𝑓𝑝(𝑥𝑝 ,  𝑢𝑝,  𝑡)

𝑓𝑒(𝑥𝑒 ,  𝑢𝑒 ,  𝑡)
]      (1) 

 

where, 𝑥𝑝 is the state of player P, and 𝑥𝑒 is the state of player E. The 𝑓𝑝 and 𝑓𝑒 are the state function of player P and 

E, respectively.   The initial state is denoted as 𝑥0 =  𝑥(𝑡0), and the terminal constraints satisfies the following 

equation.   

 

𝛹(𝑥𝑜 ,  𝑥𝑓 ,  𝑡𝑓) = 0     (2) 

 

A general cost function is 

 

𝐽(𝑢𝑝,  𝑢𝑒) = 𝜙(𝑥𝑓 ,  𝑡𝑓) +  ∫ 𝐿(𝑥,  𝑢𝑝,  𝑢𝑒 ,  𝑡)𝑑𝑡
𝑡𝑓

𝑡𝑜
    (3) 

 

In this paper, the cost function is minimized by pursuer and maximized by evader:  

 

𝐽(𝑢𝑝
∗ ,  𝑢𝑒) ≤ 𝐽(𝑢𝑝

∗ ,  𝑢𝑒
∗) ≤ 𝐽(𝑢𝑝,  𝑢𝑒

∗)    (4) 

 

 

To derive the analytic necessary conditions, we defined a Hamiltonian:  

 

𝐻 ≡ 𝜆⊺𝑓 + 𝐿 = 𝜆𝑝
⊺ 𝑓𝑝 + 𝜆𝑒

⊺ 𝑓𝑒 + 𝐿     (5) 

where 𝜆 is the vector of costates. 

 

The terminal conditions are 

𝛷 ≡  𝜙 + 𝑣⊺𝛹       (6) 

 

Then costates should satisfy 

�̇� = −𝐻𝑥 = − [
𝜕𝑓

𝜕𝑥
]

⊺

𝜆 −  
𝜕𝐿

𝜕𝑥
     (7) 

and the costate terminal conditions:  

𝜆⊺(𝑡𝑓) =
𝜕𝛷

𝜕𝑥
(𝑥𝑓 ,  𝑡𝑓)      (8) 

  

The saddle-point solution must satisfy the conditions:  

𝑢𝑝
∗ = 𝑎𝑟𝑔 𝑚𝑖𝑛

𝑢𝑝

𝐻                                                                                 (9) 

𝑢𝑒
∗ = 𝑎𝑟𝑔 𝑚𝑎𝑥

𝑢𝑒

𝐻                                                                                 (10) 

If there are no constraints for controls, then 
𝐻𝑢𝑝

⊺ = 0 and  𝐻𝑢𝑝𝑢𝑝
≥ 0,  𝐻𝑢𝑒

⊺ = 0 and  𝐻𝑢𝑒𝑢𝑒
≤ 0    (11) 

 

If the final time 𝑡𝑓 is free, then the following transversality condition must be satisfied:  

𝐻(𝑥𝑓
∗,  𝑢𝑝

∗ ,  𝑢𝑒
∗ ,  𝜆(𝑡𝑓),  𝑡𝑓) = −

𝜕𝛷

𝜕𝑡𝑓
= −

𝜕𝜙

𝜕𝑡𝑓
− 𝑣⊺ 𝜕𝛹

𝜕𝑡𝑓
     (12) 
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The first part of our numerical game solution is to convert a two-sided game problem to a one-sided optimal control 

problem. In this step, we use the derived analytic necessary conditions (1)-(12) to replace evader controls with 

costates and states:  

𝑢𝑒 = 𝑢𝑒(𝑥𝑒 ,  𝜆𝑒 ,  𝑡)      (13) 
 

Then we solve an extended system with extended control �̃� = 𝑢𝑝 and extended system states 

 

�̃� = [𝑥𝑝
⊺ (𝑡), 𝑥𝑒

⊺(𝑡), 𝜆𝑒
⊺ (𝑡)]

⊺
      (14) 

 

Based on the equation (1) and (7), the extended states must satisfy (for the simplicity purpose, we assume 
𝜕𝐿

𝜕𝑥𝑒
= 0):  

 

�̇̃� = [𝑓𝑝
⊺,  𝑓�̅�

⊺,  − 𝜆𝑒
⊺ 𝜕𝑓𝑒

𝜕𝑥𝑒
]

⊺

≜ 𝑓     (15) 

where 𝑓�̅�(𝑥𝑒 ,  𝜆𝑒 ,  𝑡) = 𝑓𝑒(𝑥𝑒 ,  𝑢𝑒(𝑥𝑒 ,  𝜆𝑒 ,  𝑡),  𝑡).  

 

Using the extended system, we convert the two-sided (pursuer and evader) pursuit-evasion game into a one-sided 

(pursuer only) optimal control problem:   

min
𝑢

𝐽 s.t. �̇̃�(𝑡) = 𝑓 and �̃� = 0       (16) 

where in �̃� we select components from eq. (6) such that these components are independent of v since the v-

dependent terminals can be handled by v.  

 

The problem in eq. (16) cannot be directly solved by nonlinear programming (NLP) because it contains the 

differential constraints. We apply the collocation method to approximate these differential conditions.  

 

We partition the time interval into N subarcs: [𝑡𝑖−1,  𝑡𝑖]𝑖=1,…,𝑁 with 𝑡𝑁 = 𝑡𝑓 .  Then we employ the following direct 

collocation techniques to discretize a given differential equation �̇� = 𝑓(𝑥, 𝑢)  

𝑥𝑖+1 − 𝑥𝑖 ≈ ∆𝑡 ⋅ 𝑓(𝑥𝑖 ,  𝑢𝑖)   ∶   𝑅𝑒𝑐𝑡𝑎𝑛𝑔𝑙𝑒 𝑅𝑢𝑙𝑒     (17) 

 

  𝑥𝑖+1 − 𝑥𝑖 ≈
∆𝑡

2
[(𝑓(𝑥𝑖+1,  𝑢𝑖+1) + 𝑓(𝑥𝑖 ,  𝑢𝑖)]:   𝑇𝑟𝑎𝑝𝑒𝑧𝑜𝑖𝑑𝑎𝑙 𝑅𝑢𝑙𝑒    (18) 

𝑥𝑘+1 − 𝑥𝑘 ≈
𝛥𝑡

6
[(𝑓(𝑥𝑘+1,  𝑢𝑘+1) + 4𝑓(𝑥𝑘+𝑜.5,  𝑢𝑘+𝑜.5) + 𝑓(𝑥𝑘 ,  𝑢𝑘)]: 𝑆𝑖𝑚𝑝𝑠𝑜𝑛′𝑠 𝑅𝑢𝑙𝑒 (19) 

 

Then we obtained a nonlinear optimal control problem, which can be solved by NLP solvers, which can interactively 

revise numerical solutions. The solution framework needs an initial guess. The better the initial values, the faster the 

numerical ones converge. 

 

 

3. MULTI-OBJECTIVE OPTIMIZATION 

 

In this section, we developed a multi-objective optimization approach to approximately solve PE game problems. 

The approximate solution will provide a good initial start point for the NLP solvers.  

 

In general, a multiple objective minimization problem is  

 

𝑚𝑖𝑛  𝑱(𝒙, 𝒑)       (20) 

                         s. t.        

𝒈(𝒙, 𝒑) ≤ 0 

𝒉(𝒙, 𝒑) = 0 

𝑥𝑖,𝐿𝐵 ≤ 𝑥𝑖 ≤ 𝑥𝑖,𝑈𝑃 , (𝑖 = 1,2, … , 𝑛) 
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where p is a vector of fixed parameters (constants). 𝒙 = [𝑥1,  𝑥2,  … ,  𝑥𝑛]⊺ is the vector of n variables bounded by 

side constraints  𝑥𝑖,𝐿𝐵 ≤ 𝑥𝑖 ≤ 𝑥𝑖,𝑈𝑃 , (𝑖 = 1,2, … , 𝑛). The k-multiple objective function is 

𝑱(𝒙, 𝒑) =   [𝑓1(𝒙, 𝒑),  𝑓2(𝒙, 𝒑),  … ,  𝑓𝑘(𝒙, 𝒑)]⊺    (21) 

 

There are m1 inequality and m2 equality constraints:  

 

𝒈(𝒙, 𝒑) =   [𝑔1(𝒙, 𝒑),  𝑔2(𝒙, 𝒑),  … ,  𝑔𝑚1
(𝒙, 𝒑)]

⊺
    (22) 

𝒉(𝒙, 𝒑) =   [ℎ1(𝒙, 𝒑),  ℎ2(𝒙, 𝒑),  … ,  ℎ𝑚2
(𝒙, 𝒑)]

⊺
   (23) 

 

Let y and z be two feasible solutions to the above k-objective minimization problem, if  

 

∀𝑖: 𝑓𝑖(𝒚, 𝒑) ≤ 𝑓𝑖(𝒛, 𝒑), and ∃𝑗: 𝑓𝑗(𝒚, 𝒑) < 𝑓𝑗(𝒛, 𝒑)    (24) 

 

then, y is better than z, or y dominates z, 

or z is dominated by y.  When a feasible 

solution y is not dominated by any other 

feasible solutions, y is a Pareto-optimal 

solution.  The set of all Pareto-optimal 

solutions forms the trade-off surface in 

the objective space. Usually, the trade-off 

surface is referred to as the Pareto Front 

(PF).  

 

In the literature, there are three categories 

of evolutionary solutions for multiple 

objective problems: dominance-based 

algorithms [10,11], aggregation-based 

algorithms [12], indicator-based 

algorithms [13,14].  In this paper, we 

decided to apply NSGA II [8] to generate 

an initial guess for our numerical game 

solution. The main reason is that NSGA 

II has been coded in SciLab, which is free 

and open source software for numerical 

computation providing a powerful 

computing environment for engineering 

and scientific applications. SciLab 

includes hundreds of mathematical 

functions. It has a high-level 

programming language allowing access to 

advanced data structures, 2-D and 3-D 

graphical functions. For example, the 

ZDT 3 problem defined as min{𝑓1,  𝑓2}, 

𝑓1 = 𝑥1, 𝑓2 = 𝑔. (1 − √
𝑥1

𝑔
) −

𝑥1

𝑔
𝑠𝑖𝑛(10𝜋𝑥1),  𝑔(𝑥2,  𝑥3, … , 𝑥𝑛) = 1 +

9

𝑛−1
∑ 𝑥𝑖

𝑛
𝑖=2 , and 0 ≤ 𝑥𝑖 ≤ 1. We 

implemented the SciLab codes (Figure 1) 

and obtained the correct results in Figure 

2.  

 

 

 

 

 
Figure 1: Scilab Codes for ZDT3 problem 
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Figure 2: Results of multi-objective optimization ZDT 3 problem 

 

 

4. CASE STUDY: NUMERICAL SOLUTION FOR ORBITAL PE GAMES 

 

For the orbital PE games, we use the following states to describe the kinematics and dynamics of the spacecrafts i 

=p (pursuer) or e (evader): 

𝑟�̇� = 𝑣𝑖 𝑠𝑖𝑛 𝛾𝑖                             (25) 

𝑣�̇� =
𝑇𝑖

𝑚𝑖
𝑐𝑜𝑠 𝛼𝑖 𝑐𝑜𝑠 𝛽𝑖 −

𝜇 𝑠𝑖𝑛 𝛾𝑖

𝑟𝑖
2      (26) 

𝛾�̇� =
𝑣𝑖 𝑐𝑜𝑠 𝛾𝑖

𝑟𝑖
+

𝑇𝑖

𝑚𝑖

𝑠𝑖𝑛 𝛼𝑖 𝑐𝑜𝑠 𝛽𝑖

𝑣𝑖
−

𝜇 𝑐𝑜𝑠 𝛾𝑖

𝑟𝑖
2𝑣𝑖

    (27) 

𝜉�̇� =
𝑣𝑖 𝑐𝑜𝑠 𝛾𝑖 𝑐𝑜𝑠 𝜁𝑖

𝑟𝑖 𝑐𝑜𝑠 𝜙𝑖
       (28) 

𝜙𝑖
̇ =

𝑣𝑖 𝑐𝑜𝑠 𝛾𝑖 𝑠𝑖𝑛 𝜁𝑖

𝑟𝑖
       (29) 

𝜁�̇� =
𝑇𝑖

𝑚𝑖

𝑠𝑖𝑛 𝛽𝑖

𝑣𝑖 𝑐𝑜𝑠 𝛾𝑖
−

𝑣𝑖 𝑐𝑜𝑠 𝛾𝑖 𝑠𝑖𝑛 𝜙𝑖 𝑐𝑜𝑠 𝜁𝑖

𝑟𝑖
2 𝑐𝑜𝑠 𝜙𝑖

     (30) 

 

The set of variables (r, v, γ, ζ, ξ, ) defines the 3-D motions of spacecrafts. As shown in Figure 3, r is the 

instantaneous radius from Earth center, v is the velocity magnitude, γ is the flight path angle. ζ is the velocity 

azimuth angle, ξ is the right ascension, and  is the declination. T is the thrust (here we assume the magnitude of the 

thrust is fixed constant) and m is mass of the satellite. The control is conducted with the thrust direction, specified 

by the two angles α and β. 𝜇𝐸 is the standard gravitational parameter of Earth. 𝜇𝐸=398600 (km3/s2).  Local horizon 

plane is perpendicular to the position vector �̂�. Instantaneous plane is determined by the position vector �̂� and 

velocity vector  �̂�.  

 

The system states are 𝑥𝑝 = [𝑟𝑝 ,  𝑣𝑝,  𝛾𝑝,  𝜉𝑝,  𝜙𝑝,  𝜁𝑝]
⊺

= [𝑥1,  𝑥2, 𝑥3,  𝑥4.  𝑥5,  𝑥6]⊺ and 𝑥𝑒 = [𝑟𝑒 ,  𝑣𝑒 ,  𝛾𝑒 ,  𝜉𝑒 ,  𝜙𝑒,  𝜁𝑒]⊺ =

[𝑥7, 𝑥8. 𝑥9, 𝑥10, 𝑥11, 𝑥12]⊺.  The controls for pursuer and evader are 𝑢𝑝 = [𝑢1,  𝑢2]⊺ = [𝛼𝑝,  𝛽𝑝]
⊺
 and  𝑢𝑒 =

[𝑢3,  𝑢4]⊺ = [𝛼𝑒 ,  𝛽𝑒]⊺, respectively.  

 

Since the cost function is 𝐽 = 𝑡𝑓, then eq. (3) becomes  

𝐽(𝑢𝑝,  𝑢𝑒) = 𝜙(𝑥𝑓 ,  𝑡𝑓) +  ∫ 𝐿(𝑥,  𝑢𝑝,  𝑢𝑒 ,  𝑡)𝑑𝑡
𝑡𝑓

𝑡𝑜
= 𝑡𝑓               (31) 

From the above equation, we know that 𝐿 = 0 and 𝜙 = 𝑡𝑓 . The Hamiltonian is 

𝐻 ≡ 𝜆⊺𝑓 + 𝐿 = 𝜆𝑝
⊺ 𝑓𝑝 + 𝜆𝑒

⊺ 𝑓𝑒 + 𝐿 = 𝜆𝑝
⊺ 𝑓𝑝 + 𝜆𝑒

⊺ 𝑓𝑒                         (32) 

where 𝜆𝑝 = [𝜆1, 𝜆2, … 𝜆6]⊺ and 𝜆𝑒 = [𝜆7, 𝜆8, … 𝜆12]⊺. 
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Figure 3: Spacecraft system states and controls.  

 

 

Then the equation (7),  �̇� = −𝐻𝑥 = − [
𝜕𝑓

𝜕𝑥
]

⊺

𝜆 −  
𝜕𝐿

𝜕𝑥
, can be specified as 12 scalar differential equations. For 

example,  

�̇�1 = (𝑥2𝜆3 cos 𝑥3 + 𝜆4𝑥2 cos 𝑥3

cos 𝑥6

cos 𝑥5

+ 𝑥2𝜆5 cos 𝑥3 sin 𝑥6 − 𝑥2𝜆6 cos 𝑥3 sin 𝑥5

cos 𝑥6

cos 𝑥5

)
1

𝑥1
2 

− (2𝜇𝐸𝜆2 sin 𝑥3 +
2𝜇𝐸𝜆3 cos 𝑥3

𝑥2

)
1

𝑥1
3                                  (33) 

and 

�̇�12 = (
𝜕𝑓𝑒

𝜕𝑥12
) [𝜆7, … 𝜆12]⊺ =

𝑥8 cos 𝑥9

𝑥7 cos 𝑥11
(𝜆10 sin 𝑥12 − 𝜆11 cos 𝑥11 cos 𝑥12 − 𝜆12 sin 𝑥11 sin 𝑥12)       (34)  

 

The terminal conditions:  

Ψ = [

𝑥1𝑓 − 𝑥7𝑓

𝑥4𝑓 − 𝑥10𝑓

𝑥5𝑓 − 𝑥11𝑓

] = 0         (35) 

 

Equation (6) becomes:  

𝛷 ≡  𝜙 + 𝑣⊺𝛹 = 𝑡𝑓 + 𝑣1 (𝑥1𝑓
− 𝑥7𝑓

) + 𝑣2 (𝑥4𝑓
− 𝑥10𝑓

)+𝑣3 (𝑥5𝑓
− 𝑥11𝑓

)   (36) 

 

Then the terminal conditions for costates are:  

𝜆⊺(𝑡𝑓) =
𝜕𝛷

𝜕𝑥
(𝑥𝑓 ,  𝑡𝑓) 

Substitute Φ with equation (36), we obtained the following scalar terminal conditions:  

𝜆1𝑓
= 𝑣1        (37) 

𝜆4𝑓
= 𝑣2        (38) 

𝜆5𝑓
= 𝑣3        (39) 

𝜆7𝑓
= −𝑣1        (40) 

𝜆10𝑓
= −𝑣2        (41) 

𝜆11𝑓
= −𝑣3        (42) 

𝜆2𝑓
= 𝜆3𝑓

= 𝜆6𝑓
= 𝜆8𝑓

= 𝜆9𝑓
= 𝜆12𝑓

= 0     (43) 

 

position:        

velocity:            

Norm of position vector

Right ascension

Declination

Norm of velocity vector

Instantaneous plane of motionLocal Horizon Plane

T
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For this application, we divided the time interval into N=14 subarcs.  At each point, there are 17 (extended states) + 

2 (pursuer controls) =19 variables. There are total 19*15(N+1 points) + 2 (for tf and 𝜆10) = 287 variables.  At each 

point (except the end point 𝑡𝑓 = 𝑡𝑁), there are 17 (dimension of extended states) scalar constraints. In addition, there 

are 12 initial scalar constraints and 6 terminal constraints (𝑥1𝑓 = 𝑥7𝑓 , 𝑥4𝑓 = 𝑥10𝑓 , 𝑥5𝑓 = 𝑥11𝑓 , 𝜆8𝑓 = 0, 𝜆9𝑓 =

0, 𝜆12𝑓 = 0 ). Therefore, we have total of 17*14 (points except the end point) + 18 = 256 scalar constraints.  

 

To solve the nonlinear optimal problem, we employed the open source NLP solver, NLOPT, which has many 

algorithms, many language bindings, global and local optimizers, including derivative-free and gradient-driven ones. 

We apply the NSGA II to find a good initial point for the NLOPT.  The orbital PE game problem has 13 variables 

[𝜆1,0,  𝜆2,0, … , 𝜆12,0,  𝑡𝑓]
⊺
, where, 𝜆𝑖,0 is the initial values of costate 𝜆𝑖, and 𝑡𝑓 is the final time. It has 13 constrains. we 

portioned the 13 constrains into 2 groups: The first function 𝑓1 is relevant to the interception requirement. The 

second 𝑓2 is about the necessary conditions for the analytic analysis. For this 2-objetive optimization, we applied the 

NSFA II algorithm in SciLab. The calculated Pareto-Front (PF) is shown in Figure 4.  

 

 
Figure 4: The PF of the 2-objetive minimization problem related to the orbital PE games 

 

The Pareto set are shown Figure 

5. We obtained the following 

mean values:    

 

- 2.4913742  (𝜆1) 

51.335386 (𝜆2) 

- 18.226864 (𝜆3) 

54.089533 (𝜆4) 

11.348011 (𝜆5) 

- 37.18182 (𝜆6) 

5.7826764  (𝜆7) 

- 51.434703 (𝜆8) 

- 51.663036 (𝜆9) 

31.779191 (𝜆10) 

9.2538513 (𝜆11) 

9.0133522 (𝜆12) 

2352.2112  (𝑡𝑓) 
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Figure 5: The values of the Pareto set for NSGA II algorithm for 2-

objective minimization 
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Using the initial guess from NSGA II, we run the NLOPT engine and obtained good results as shown in  Figure 6. 

 

 
Figure 6: NLOPT results (orbits) with initial guess from NSGA II  

 

 

The fish tank views are shown in the Figure 7. 

 

 
Figure 7: Fish tank view of the orbits engaged in an orbital PE game  

(the dotted line shown the orbits projected on 2-D views).  

 

 

The first and second system state, i.e., the distance to Earth center and velocity, are shown in the Figure 8  and 

Figure 9.  In Figure 8, we can see the NSGA II solution is not accurate because it cannot guarantee the final 

interception. The NSGA II’s objective is to minimize the 13 constraints. On the other hand, NLOPT-NAGA II (the 

NLOPT with initial guess from NSGA II) tries to solve the interception and collision avoidance problem. At the 

final time, 𝑟𝑝 and 𝑟𝑒  are almost the same. In Figure 9, the velocities are from the same intimal condition. Because the 

controls are different, the final velocities are different.  
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Figure 8:  State 1 (r, distance to Earth center) trajectories with different control solutions.  

 

 
Figure 9:  State 2 (velocity) trajectories with different control solutions.  
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5. CONCLUSION AND FUTURE DIRECTION 

 

In this paper, we developed a numerical solution framework for a class of orbital pursuit-evasion games. In the 

framework, we first use multi-objective optimization package, NSGA-II, to directly solve the PE game. Then the 

approximate solution is used as a good initial point in the second step: solving the PE game as a nonlinear optimal 

problem. We applied the solution framework on an orbital PE game model for orbital interception and collision 

avoidance problems. We obtained promising results. As a future research direction, the smaller sampling interval 

and more refined solution will be explored.  
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