Multi-Fidelity Orbit Uncertainty Propagation with Systematic Errors
Brandon A. Jones, Emmanuel Delande, Enrico M. Zucchelli, Moriba K. Jah
The University of Texas at Austin

ABSTRACT
Multi-fidelity approaches to orbit-state probability density prediction reduce computation time, but introduce
a systematic error in the single-point prediction of a spacecraft state. A bound on the the systematic error
may be quantified using cross-validation. Credibilistic filters based on Outer Probability Measures (OPMs)
enable a principled and unified representation of random and systematic errors in object tracking. The
quantified bound on the multi-fidelity approach defines an OPM-based transition kernel, which is used in a
credibilistic filter to account for the systematic error in the orbit determination process. A proof-of-concept
for the approach is demonstrated for a simulated scenario tracking a newly-detected space object in low-Earth
orbit via three ground stations generating radar measurements. An OPM-based definition of the admissible
region combined with the multi-fidelity credibilistic filter establishes custody of the object.
1.

INTRODUCTION

Space Domain Awareness (SDA) requires the prediction of a space-object catalog to identify risks to existing
missions, update the orbit state estimates for each object, and enable sensor tasking. A robust representation
of such a catalog requires the estimation of an orbit state for each object in the catalog, its refinement
when new data are available, and must also include a measure of uncertainty in the estimates that reflects
our limited knowledge in the orbital mechanics and the sensors’ observation mechanisms. Typically, we
represent such knowledge with random variables, model their uncertain dynamics with Probability Density
Functions (PDFs), and update the PDF describing an object’s state through Bayesian filtering equations.
In the context of SDA, one of the key challenges is the modeling of a space-object’s orbital dynamics, often
designed as a traded-off between propagation accuracy and computational efficiency. Previous research in
PDF representations considered Gaussian mixtures (e.g., [10]), differential algebra [1], polynomial chaos
expansions [13], and other formulations each with various advantages and disadvantages [21]. Research in
the required accuracy of the propagation is more limited. [17] used a reduced fidelity model to approximate
the first four moments of the predicted PDF, and follow-up work combined low- and higher-fidelity models
in an optimization approach to produce a hybrid solution [18]. Instead, [14] used a data-adaptive approach
to minimize the number of high-fidelity propagator evaluations for orbit-state uncertainty propagation, and
leveraged this approach to reduce the computational requirements for a sequential Monte Carlo filter [12].
Multi-fidelity approaches such as in [14], by leveraging a hierarchy of increasing fidelity force models, enable
a reduced runtime for both particle and Gaussian mixture representations of the orbit-state PDF, but at the
cost of some accuracy in the propagation. While the error in the multi-fidelity approximation can be bounded,
no information is available to characterize its distribution [9]. Modeling the multi-fidelity propagation with
a PDF, then, does not reflect our understanding of the systematic error induced by the approximation and
appears over-descriptive; so does, in turn, a PDF-based representation of the object’s state estimate. A
mischaracterization of the nature of the uncertainty in the object’s state may have practical implications,
such as in the estimation of collision risks [2, 5], and we seek an alternative solution to account for the
systematic error introduced by the multi-fidelity approach in the context of Bayesian filtering.
OPMs offer a more general representation of uncertain systems than probability measures, or their associated
PDFs. A credibilistic representation of an uncertain system accounts for the epistemic or systematic
uncertainty due to the limited information we possess on the system, as well as the aleatory or random
uncertainty due to the inherent randomness of the system (if any), while a probabilistic representation does
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not make such a distinction. Like probability measures or PDFs, OPMs originate from measure theory;
Bayesian inference rules can be developed for OPMs, and a Bayesian estimation framework exploiting a
credibilistic modeling of uncertain phenomena – the object’s state, dynamics, and the sensor’s observation
noise – has been recently developed [11]. Earlier works have exploited OPMs to model Two-Line Elements
(TLEs) as a data source, and to propose an orbital propagator accounting for systematic uncertainty, in
a single-object SDA tracking problem [3, 4]. Since the multi-fidelity uncertainty propagation induces a
systematic error that we are able to bound but not characterize, an OPM-based, credibilistic formulation
should provide a more appropriate representation of a multi-fidelity orbital propagator than a probabilistic
one.
Section 2 summarizes the multi-fidelity approach, and Section 3 presents the key mechanisms of Bayesian
credibilistic filtering. Then, Section 4 applies the principles of the multi-fidelity approach to the context
of orbital propagation, and proposes a quantification of the systematic error incurred by the multi-fidelity
approximation. Section 5 then models a crediblistic filter for space-object tracking integrating a multi-fidelity
propagator, and Section 6 illustrates the credibilistic filter on a simulated scenario. Section 7 concludes and
summarizes future work.
2.

MULTI-FIDELITY UNCERTAINTY PROPAGATION

Multi-fidelity propagation of uncertainty refers to the use of a hierarchy of prediction methods, each with
variations in model fidelity, to reduce computation time when propagating a PDF through a nonlinear
function. This work focuses on the use of the bi-fidelity approaches seen in [14,16,23] where many evaluations
of a low-fidelity model (two-body with J2 perturbations) are combined with a small number of high fidelity
evaluations (on the order of 10) to propagate uncertainty. We demonstrated the efficacy of such an approach
for orbit-state propagation in [14] and for orbit determination with a particle filter in [12]. The previous
studies used a multi-fidelity approach when considering two representations of the a posteriori PDF: a
Gaussian Mixture Model (GMM) and a particle ensemble. The reduced cost of uncertainty propagation
allows for improving accuracy of the propagated PDF while reducing computation cost when compared to
state-of-the-art methods. This section briefly outlines the bi-fidelity approach developed in [14].
The bi-fidelity approach uses many evaluations of a low-fidelity solver to identify a subset of points for
high-fidelity propagation, from which a correction is applied to all points using stochastic collocation. This
process begins with generating many low-fidelity samples xL (ξ) ∈ X in the state space X. The vector ξ
denotes the inputs to the system that determine the point to be propagated. For example, when randomly
sampling from a PDF that is multi-variate Gaussian with mean x0 and covariance P0 , then
x0 (ξ) = x0 + L0 ξ,

P0 = L0 LT0 ,

ξ ∼ N (0, I),

(1)

and the subscript 0 indicates a sample at the initial time t0 . In the case of orbit-state uncertainty propagation, xL (ξ) would be the state vector x0 (ξ) propagated to the time of interest t using the low-fidelity
propagator. We then generate a surrogate approximation based on stochastic collocation and high-fidelity
samples xH (ξ) ∈ X.
m

The bi-fidelity propagation begins with the generation of the set Ξ of inputs {ξi }i=1 , which uniquely defines
a set of low-fidelity propagated samples represented by the matrix


X L (Ξ) ≡ xL (ξ1 ) · · · xL (ξm ) ∈ Rn×m .
(2)
The matrix X H (Ξ) follows a similar definition. The samples then define a subset of X



XL (Ξ) ≡ span X L (Ξ) = span xL (ξ1 ) · · · xL (ξm ) ⊆ X,

(3)

which is a function of Ξ. Using stochastic collocation (e.g., see Chapter 20 of [8]), we approximate the points
via the surrogate
bL (ξ) =
xL (ξ) ≈ x

r
X

c` (ξ) xL (ξ ` ),

`=1
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(4)

with coefficients c` , and r  m “important” points defined by ξ ` . We use the low-fidelity samples to identify
the points ξ ` with the corresponding set

r
(5)
Ξ ≡ ξ ` `=1 .
In the bi-fidelity approach, we use the set Ξ identified using the low-fidelity model, and evaluate the propagator to produce xH (ξ ` ). We then approximate the high-fidelity solution via
H

H

b (ξ) =
x (ξ) ≈ x

r
X

c` (ξ) xH (ξ ` ).

(6)

`=1

In summary, the bi-fidelity approach uses the low-fidelity samples to produce the coefficients c` and the
important points ξ ` , and substitutes exact high-fidelity solutions for the nodes x(ξ ` ). This approach includes
three assumptions:
• X L (Ξ) allows for identifying the r samples required for Eq. (6),
bH (ξ), and
• The r high-fidelity samples produce a sufficiently accurate basis for xH (ξ) ≈ x
• Coefficients c` of the expansion in Eq. (4) are sufficiently accurate to be leveraged in Eq. (6).
The remainder of this section outlines the procedure for generating c` and Ξ from X L (Ξ), which are jointly
computed and identified in the same algorithm.
We use a greedy algorithm to generate Ξ, which is an approximate solution to the problem
Ξ = arg min
Ξ

inf

y∈XL (Ξ)

kxL (ξ) − yk.

(7)

The objective function in Eq. (7) is minimizing the distance between the points in X L (Ξ) and the space
XL (Ξ), which is generally not tractable [23]. The greedy algorithm instead leverages a solution to the Pivoted
Cholesky decomposition [23]
 L T L  L 
X
G X = AT LLT A.

(8)

The pivot matrix A orders the samples based on the distance defined in Eq. (7), and GL is a Gramian

T
matrix generated via X L (Ξ). Details on the algorithm may be found in [23]. Coefficients c = c1 · · · c`
are then found via
LLT c = g,

(9)

where
g` = xL (ξ), xL (ξ ` ) ,

` = 1, . . . , r,

(10)

and < ·, · > denotes the discrete inner product. This algorithm requires the value r be an input, which we
autonomously generate using the procedure described in [14]. For the sake of ease of reference, we also define
the surrogate-approximated matrix
 H

cH (Ξ) ≡ x
b (ξ1 ) · · · x
bH (ξm ) .
X
(11)
3.

REPRESENTING SYSTEMATIC ERRORS
m

Let us suppose that the collection of points {x0 (ξi )}i=1 in Section 2 represents
we posses on
 H the information
m
b (ξi ) i=1 in Eq. (6) represents
a space-object’s kinematic state at some given epoch. Then, the collection x
our information propagated to an epoch of interest t, according to the multi-fidelity uncertainty propagation
model. Information loss in the propagation is inevitable, since the orbital dynamics are only captured by
the multi-fidelity approach with limited fidelity. In particular:
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bH (ξ) and the high-fidelity xH (ξ) representation is systematic and
• The error between the surrogate x
incurred on purpose for the sake of computational efficiency,
• The error between the high-fidelity xH (ξ) representation and the true propagated state is more complex
in nature, and largely unknown by construction.
For the most part, systematic modeling errors induce a deterministic and quantifiable offset in the propagated
state: for example, one can compute the effect of reducing the order of the decomposition of the Earth’s
gravitational field on the predicted trajectory. The error may incorporate in some case a random component
as well, say, if the model simplification is affected by the drawing of candidate particles. Little is known,
by construction, about the errors induced by model mismatches unknown to the operator: for example,
exploiting a parametrized area-to-mass ratio in the solar radiation pressure term, rather than the real,
unknown ratio, affects the trajectory in a way that is difficult to describe, let alone characterize.
We see from the examples above that the description of modeling errors is a complex task. In the context
of sequential estimation – or filtering – of a space-object’s kinematic state, a key challenge is to quantify
the uncertainty in the estimated state resulting from the modeling errors in the chosen orbital propagation
process (among other sources).
3.1 Probabilistic approach
A probabilistic formulation of uncertainty is overwhelmingly popular in modern tracking algorithms, due
to its flexibility and its ability to represent uncertain phenomena of widely different nature (measurement
errors, objects’ dynamics, etc.). The filtering mechanisms between epochs t − 1 and t are described by the
Bayesian equations
Z
pt|t−1 (x) = mt (x|x̄)pt−1 (x̄)dx̄, x ∈ X,
(12)
pt (x) = R

`t (zt |x)pt|t−1 (x)
,
`t (zt |x̄)pt|t−1 (x̄)dx̄

x ∈ X,

(13)

where the PDF pt−1 (respectively (resp.) pt|t−1 ) on X describes the information on the object’s state at time
t − 1 (resp. t) given the observations collected up to time t − 1, the transition kernel mt on X models the
orbital propagation between epochs t − 1 and t, `t models the sensor’s observation process at epoch t, and
zt is the collected observation at epoch t.
In the probabilistic interpretation of an uncertain phenomenon, a random variable and its associated PDF
reflect a subjective level of information about the system’s state, maintained by a specific observer, rather
than an inherent, aleatory behavior of the system. Two different space analysts, with distinct levels of
knowledge of orbital dynamics, would represent the same orbital propagation mechanism with two different
random variables, characterizing two different random behaviors through their respective transition kernels.
The transition kernels mt proposed by the two space analysts are not meant to imply that the object moved
randomly between epochs t − 1 and t, but in an uncertain manner due to their limited knowledge regarding
the true orbital dynamics.
A probabilistic representation of uncertain phenomena is convenient in the context of filtering, but it has
important implications that are sometimes overlooked. A first implication relates to the interpretation of a
probability distribution. Since a random variable does not make the distinction between the inherent, random
uncertainty of a system (its aleatory or random uncertainty) and the limited knowledge of an observer of the
system (its epistemic or systematic uncertainty), a probabilistic assessment carries a measure of ambiguity
that remains unresolved within the probabilistic framework. In particular, due to the dilution effect of
probability distributions, low-probability events can be interpreted as anything between being unlikely and
being uncertain, even though these two notions reflect different realities. Practical, detrimental implications
to this ambiguity exist, notably in the assessment of collision risks [2, 5].
Another implication, directly relevant to this paper, relates to the modeling of an uncertain system through
a probability distribution. Choosing a PDF induces a characterization of the system’s behavior, even if the
information we possess on the system does not afford us to do so. The multi-fidelity uncertainty propagation
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method exploited in this paper is a revealing example. Since the very purpose of the method is to limit the
exploitation of the high-fidelity model for the sake of computational speed, there is no practical incentive in
characterizing the systematic error of the multi-fidelity approach through an extensive and costly exploitation
of the high-fidelity model. We will see in Section 4 that the systematic error of the multi-fidelity approach
can be bounded with reasonable computational cost, though it hardly provides a characterization of the error.
In consequence, a probabilistic representation of orbital propagation appears over-descriptive and inadequate
in the context of filtering with the multi-fidelity approach.
3.2 Credibilistic approach
We propose instead to leverage an alternative representation of uncertain phenomena, exploiting a generalization of probability measures called OPMs [11]. An OPM P̄ on X provides a less descriptive representation
of an uncertain system than a probability distribution, as the additivity property is replaced by the looser
subadditivity, i.e.
P̄ (A ∪ B) ≤ P̄ (A) + P̄ (B), A, B ⊆ X,
where the inequality may be strict event if the subsets A and B are disjoint. While set within the Bayesian
paradigm, the estimation framework for OPMs bridges the gap between Bayesian inference and the frequentist interpretation of uncertain phenomena. The inherent, random uncertainty of a system is characterized by
a probability distribution, typically unavailable to an observer studying the system. Instead, the observer’s
information on the system – their systematic uncertainty – is represented by an OPM P̄ on X. According
to the observer’s information, the probability distribution characterizing the system’s random uncertainty
then verifies
Z
1 − P̄ (X \ R) ≤
p(x)dx ≤ P̄ (R), R ⊆ X.
(14)
R

We see immediately that an OPM P̄ does not characterize the system’s random uncertainty, in the general
case, since there are infinitely many probability distributions satisfying the inequalities Eq. (14). We note
in particular that the OPM such that P̄ (R) = 1 for any non-empty region R ⊆ X provides no restriction
on the system’s underlying distribution, and represents the absence of information regarding the system.
When the observer acquires more information on the system and their epistemic uncertainty reduces, the
bounds in Eq. (14) tighten. In the limit case, the inequalities in Eq. (14) becomes equalities and the OPM P̄
becomes the probability measure characterizing the system’s random uncertainty (if any1 ), and the observer
has nothing more to learn about the system.
We will focus on the class of OPMs of the form
P̄ (R) = sup f (x),

R ⊆ X,

(15)

x∈R

where f is non-negative function on X with supremum one, or possibility function on X [11]. The formulation
of Eq. (15) is flexible enough to allow for the representation of many uncertain components in a typical
tracking problem [3, 4], and restrictive enough to allow for practical Bayesian inference rules. The Bayesian
equations for single-possibility OPMs are given by
ft|t−1 (x) = sup m̄t (x|x̄)ft−1 (x̄),

x ∈ X,

(16)

x̄∈X

ft (x) =

`¯t (zt |x)ft|t−1 (x)
,
supx̄∈X `¯t (zt |x̄)ft|t−1 (x̄)

x ∈ X,

(17)

where the possibility function ft−1 (resp. ft|t−1 ) on X describes our information on the space-object’s state at
time t (resp. t) given the observations collected up to epoch t − 1, the possibility function m̄t on X represents
our information about the object’s dynamics between epochs t−1 and t, the possibility function `¯t represents
our information about the sensor’s observation process.
Again, note that the possibility functions in the filtering equations Eqs. (16) and (17) do not characterize
the behavior of the uncertain components they describe, but merely reflects the information we possess on
1 It the system is deterministic, i.e., has no random uncertainty, then its probability measure (and associated PDF) concentrate all their mass to a single element of the state space, representing the true state of the system.
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Table 1. Orbit state initial conditions and 1σ uncertainty

Test Case 1
Test Case 2
σ

a [km]
6878
26562
10.0

e
7.7×10−4
0.74
10−3

i [deg]
45
63.4
1/36

Ω [deg]
0
0
1/36

ω [deg]
90
0
1/36

ν [deg]
0
0
1/36

Table 2. Force models for low- and high-fidelity fully simulated tests
Model
Central Body Gravity
Third-Body Perturbations
Solar Radiation Pressure
Atmospheric Drag
Coordinate System Reduction

Low-Fidelity
Two-Body and J2
None
None
None
None

High-Fidelity
70×70
Sun and Moon
Cannonball
Cannonball
IAU2006 [20]

them. In particular, the evolution kernel m̄t in Eq. (16) will be a convenient tool to represent our estimated
bound on the systematic error induced by the multi-fidelity approximation (see Section 4), without requiring
a full characterization of the error’s distribution.
4.

ESTIMATING SYSTEMATIC PROPAGATION ERRORS

In order to model the evolution kernel m̄t in Eq. (16), we require an online assessment of the surrogate
model’s accuracy at any filtering epoch t. In [9], the authors propose a bound on the matrix L2 -norm of
cH for a bi-fidelity approach equivalent to the one presented in Section 2. Their approach leverages
XH − X
a small number of additional high-fidelity samples to produce the error bound. While not presented here for
the sake of brevity, our attempts to use this approach yielded error bounds on the order of kilometers. As
demonstrated later in this section, Root Mean Square (RMS) errors for the multi-fidelity approach are on
the order of meters, and the approach in [9] was deemed to be too pessimistic for the purpose of recursive
filtering. Instead, we propose the use of cross-validation, i.e., estimating the accuracy of the surrogate
using a small number of additional high-fidelity samples. This section outlines the approach for estimating
propagation error and presents results characterizing its performance.
Cross-validation leverages independent samples to approximate the accuracy of a given surrogate. The
approach leveraged in this work begins with a set Ξ̆, which is generated using random samples of the set
Ξ − Ξ, i.e., a set disjoint from the set of important samples. Given Ξ̆, we use the high-fidelity propagator
cH (Ξ̆) − X H (Ξ̆) to compute statistics describing the
to produce X H (Ξ̆) and employ the error matrix X
position and velocity accuracy at the time of interest tk . The primary computation cost for this process is in
evaluating the high-fidelity propagator to solve for X H (Ξ̆). To balance the additional cost with producing a
reasonable assessment of accuracy, Ξ̆ is composed of 2r samples. In summary, the cross validation approach
is:
1. Generate the multi-fidelity surrogate with r important samples as described in Section 2.
2. Randomly select 2r elements of the set Ξ − Ξ̆.
3. Evaluate the high-fidelity propagator to get X H (Ξ̆).
cH (Ξ̆).
4. Using Eqs. (6) and (9), compute X
cH (Ξ̆) − X H (Ξ̆).
5. Compute performance statistics based on X
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Table 3. Force model and satellite parameters for all cases
Parameter
Satellite Mass
Satellite Drag and SRP Area
CD
CR
Epoch Time
Earth Radius R⊕
Gravitation Parameter

Value
500 kg
1 m2
2.0
1.5
2455200.5 UTC
6378.1363 km
398600.4415

The remainder of this section characterizes the performance of the cross-validation approach based on Monte
Carlo analysis of two distinct test cases: Test Cases 1 and 2 from [14]. See Table 1 for the parameters for
the initial PDF describing the spacecraft state, which are converted to Cartesian position and velocity via
the unscented transform. The defined low- and high-fidelity propagators are described in Table 2 with
additional parameters in Table 3. The Earth’s gravity field is based on the EGM2008 spherical harmonics
coefficients [19], and the ephemerides for the Sun and Moon are based on the Jet Propulsion Laboratory
Design Ephemeris 430 [7].
We characterize accuracy of the multi-fidelity uncertainty propagation via a Monte Carlo analysis. In this
process, we generate 1000 random sample sets Ξ(j) , and use each to generate a unique multi-fidelity surrogate
e
e
e
bH
x
j . Each of these trails are then compared to the same baseline set Ξ = {ξ1 , . . . , ξm } to compute the RMS
error
v

 

uP
u m xH (ξe ) − x
bH
bH
(ξei ) · xH (ξei ) − x
(ξei )
i
t
j
j
i=1
(j)
,
(18)
eRMS =
m
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for each trial j = 1, . . . , 1000. For the sake of comparison and characterization of the cross-validation
cH (Ξ̆(j) ) − X H (Ξ̆(j) ). For the
performance, we also compute the RMS errors for each of the trails based on X
sake of simplicity, we isolate discussions of Monte Carlo results to position error 24 hours after the epoch
time.
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Fig. 1. Distribution of RMS errors over 1000 Monte Carlo trials for Test Case 1 (left) and Test Case 2
(right).
Figure 1 includes histograms of the true (top) and cross-validation (bottom) errors over the 1000 Monte
Carlo trails. Qualitatively, the distributions agree, although the true error is generally larger than the crossvalidation solution. Except for one outlier for Test Case 2, RMS errors are on the orders of meters and tens
of meters.
Figures 2 and 3 further compare the cross-validation and true RMS errors for cases 1 and 2, respectively.
In general, the true error is less than 2× that of the cross-validation value. Empirically, this implies that
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Fig. 2. Comparison of true and cross validation errors for Test Case 1. Red line indicates the ideal case
where true and cross validation errors equal.
Test Case 2
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Fig. 3. Comparison of true and cross validation errors for Test Case 2. Red line indicates the ideal case
where true and cross validation errors equal.
scaling the cross-validation error RMS by 2 will bound the true RMS error. Hence, for a given multi-fidelity
bH , we define a cross-validation based, covariance-like matrix
surrogate x
Qt =

m

T
τ X H e
bH (ξei ) xH (ξei ) − x
bH (ξei )
x (ξi ) − x
m i=1

(19)

with diagonal elements that bound the variance of the systematic error in the multi-fidelity approximation.
The scale factor τ in Eq. (19) is a design parameter to account for expected optimism or pessimism in the
cross-validation approach. Based on previous analysis of the two test cases, we use τ = 22 . Note that Qt
bH (ξei )] = 0.
only approximates the covariance matrix for the true error when E[xH (ξei ) − x
5.

MULTI-FIDELITY FILTERING WITH SYSTEMATIC PROPAGATION ERRORS

In this section, we explore the implementation of a Bayesian filtering algorithm with a credibilistic representation of uncertainty, integrating in particular the systematic error introduced by the multi-fidelity approach
for the orbital propagation. Each uncertain component in the Bayesian estimation problem will assume an
OPM-based representation supported by a single possibility function as in Eq. (15), so that the filtering
mechanisms are given by Eqs (16) and (17).
5.1 Orbital propagation and prediction step
Just as for the practical representation of a PDF, a possibility function can be approximated, among other
solutions, by a collection of state particles or a mixture of Gaussian components. We will adopt the latter
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approach in this paper, and assume that the information we maintain on the object’s state at some epoch
t − 1 is represented by a possibility function of the form
ft−1 (x) =

sup
1≤i≤Nt−1

i
i
wt−1
N̄ (x; µit−1 , Pt−1
),

x ∈ X,

(20)

i
i
= 1, and
where the scalars wt−1
, for any 1 ≤ i ≤ Nt−1 , are non-negative and such that sup1≤i≤Nt−1 wt−1
i
i
where the Gaussian possibility function on X with mean µt−1 and covariance Pt−1 is given by


1
i
i
)−1 (x − µit−1 ) ,
N̄ (x; µit−1 , Pt−1
) = exp − (x − µit−1 )T (Pt−1
2

x ∈ X,

(21)

for any 1 ≤ i ≤ Nt−1 .
Given the structure of the posterior information in Eq. (20), we shall exploit, for the prediction step in
Eq. (16), the unscented transformation [15] adapted to a credibilistic representation, as in [3]. The collection
i,0
i
of prior σ-points {χi,j
t−1 } 0≤j≤12 to be propagated is defined as χt−1 = µt−1 and
1≤i≤Nt−1

i
χi,j
t−1 = µt−1 +


q
i
(6 + λ)Pt−1

j

i
and χi,6+j
t−1 = µt−1 −

q

i
(6 + λ)Pt−1
,

(22)

j

for any 1 ≤ j ≤ 6, 1 ≤ i ≤ Nt−1 , and with λ = 6(α2 − 1), where the first parameter of the scaled unscented
transformation is set to α = 10−3 .
Exploiting the low- and high-fidelity orbital propagation models presented in Section 4, we can represent the
orbital propagation with the multi-fidelity approach with the possibility function
i,j
m̄t (·|χi,j
t−1 ) = N̄ (·; χt|t−1 ; Qt ),

(23)

i,j
where χi,j
t|t−1 is the predicted σ-point obtained from the prior point χt−1 through the surrogate model
Eqs. (6), (9), for any 0 ≤ j ≤ 12, 1 ≤ i ≤ Nt−1 , and where Qt is the covariance matrix reflecting our
information on the systematic error identified through the cross-validation procedure.1

The predicted possibility function ft|t−1 in Eq. (16) can then be approximated by the max-mixture
ft|t−1 (x) =

sup
1≤i≤Nt|t−1

i
i
wt|t−1
N̄ (x; µit|t−1 , Pt|t−1
),

x ∈ X,

(24)

where Nt|t−1 = Nt−1 , and where the predicted quantities are given by the unscented transform
µit|t−1 =

12
X
j=0

Wsj χi,j
t|t−1

i
and Pt|t−1
=

12
X

 i,j
T
i
i
Wcj χi,j
+Qt
t|t−1 −µt|t−1 χt|t−1 −µt|t−1

i
i
and wt|t−1
= wt−1
,

j=0

(25)
for any 1 ≤ i ≤ Nt|t−1 , where the transformation weights are given by Ws0 = λ/(6 + λ), Wc0 = λ/(6 + λ) +
1 − α2 + β and Wsj = Wcj = 1/(2(6 + λ)) for any 1 ≤ j ≤ 12, and where the second parameter of the scaled
unscented transformation is set at β = 2.
5.2 Sensor observation and data update step
We now focus on the data update step Eq. (17). A radar measurement zt = (ρ, α, δ, ρ̇) is described by
an observation space Z ⊆ R4 , and is comprised of range ρ, declination α, elevation δ, and range rate ρ̇
components, expressing (in a partial way) the observed object’s kinematic state in spherical coordinates in
the radar’s measurement frame. The measurement errors are complex in nature and typically depend on
unknown parameters (physical middle between the antenna and the object, reflectivity of the object, etc.),
so that a full characterization of the noise profile is unavailable to us. Similarly to the prediction step, we
1 Note that for the sake of simplicity, the prediction model Eq. (23) does not account for the mismatches between the
high-fidelity model in Table 2 and the true orbital mechanics.

Copyright © 2019 Advanced Maui Optical and Space Surveillance Technologies Conference (AMOS) – www.amostech.com

shall exploit a credibilistic representation of the radar’s observation process and assume a likelihood function
in Eq. (17) of the form
`¯t (zt |x) = N̄ (zt |mrad.
x ∈ X,
(26)
cart. (x); Rt ),
where mrad.
cart. is the mapping from Cartesian coordinates in the inertial, reference frame to the observed
spherical coordinates in the radar’s measurement frame, and Rt is the covariance matrix reflecting our
information on the noise profile. Similarly to the modeling of the orbital propagation with Eq. (23), the
possibility function Eq. (26) does not characterize the radar’s noise distribution but captures our limited
understanding it its mechanism.
We can now detail the unscented transformation towards the updated possibility function. First, the colleci
bi,0
bi,j
to be updated is defined as χ
tion of predicted σ-points {χ
t|t−1 = µt|t−1 and
t|t−1 } 0≤j≤12
1≤i≤Nt|t−1

b0,j
χ
t|t−1


q
i
= µit|t−1 +
(6 + λ)Pt|t−1

j

i
b0,6+j
and χ
t|t−1 = µt|t−1 −

q

i
,
(6 + λ)Pt|t−1

(27)

j

for 1 ≤ j ≤ 6, 1 ≤ i ≤ Nt−1 , and their projections in the radar’s measurement frame are denoted by
i
bi,j
γti,j = mrad.
cart. (χ
t|t−1 ), for any 0 ≤ j ≤ 12, 1 ≤ i ≤ Nt−1 . The projected observation ẑt , projected observation
covariance Sti , and state-observation cross-covariance Cti are then given by
ẑti =

12
X

Wsj γtj ,

(28)


T
Wcj γtj − ẑti γtj − ẑti + Rt ,

(29)

T

Wcj χ̂jt|t−1 − µit|t−1 γtj − ẑti ,

(30)

j=0

Sti =

12
X
j=0

Cti =

12
X
j=0

for any 1 ≤ i ≤ Nt|t−1 , and the updated mean and covariance follow with
µit = µit|t−1 + Kt (zt − ẑti )

i
and Pti = Pt|t−1
− Kt Sti KtT ,

(31)

where Kt = Cti (Sti )−1 is the Kalman gain of the unscented transformation. The updated possibility function
ft in Eq. (17) can then be approximated by the max-mixture
ft (x) = sup wti N̄ (x; µit , Pti ),

x ∈ X,

(32)

1≤i≤Nt

where Nt = Nt|t−1 , and where the posterior weight of the ith component is given by
wti

=

w̃ti

s
,
(j)

sup w̃t

w̃ti

=

|Rt |
|Sti |

s

i
|Pt|t−1
|

|Pti |

i
,
N̄ (zt ; ẑti , Sti )wt|t−1

(33)

1≤j≤Nt

for any 1 ≤ i ≤ Nt|t−1 .
5.3 Orbit determination and initial information
We assume that the initial information on the object’s state is drawn from an Initial Orbit Determination (IOD) procedure based on an admissible region for a single radar observation with semi-major axis and
periapsis radius constraints [6]. Given the initial collected observation z0 , the admissible region Azt ⊆ R2
describes the relevant tuples of angular rates (α̇, δ̇) forming the possible kinematic states of the observed
object, under additional physical constraints pertaining to the maximum energy, minimum energy, and minimum radius of periapsis of the orbit associated to the object’s motion. The IOD procedure does not account
for the sensor’s observation noise, but it is typically incorporated in the sampling procedure populating the
state space with admissible candidates for the object’s initial state.
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Fig. 4. An illustration of the admissible region Az0 . The green line depicts the boundary solved for minimum
semi-major axis (SMA), the blue line for maximum semi-major axis. The yellow line depicts the upper
boundary constraint for minimum radius of periapsis. The deep red line delimits the resulting admissible
region.
It is important to note that the IOD procedure does not provide information whether certain admissible
tuples of angular rates are more likely than others. In this context, as in the orbital propagation and data
correction steps described above, a probabilistic representation of the object’s initial state appears overdescriptive since a characterization of the object’s distribution does not reflect the information we draw
from the IOD procedure [22], [3]. Instead, our information on the initial state is captured by an initial
max-mixture of the form
(34)
f0 (x) = sup w0i N̄ (x; µi0 , P0i ), x ∈ X,
1≤i≤N0

where the N0 components are selected as follows.
The components’ means are first initialised in full spherical coordinates in the radar’s full measurement
frame, with z0 on the observed dimensions and with an arbitrary tuple in the admissible region Az0 on the
unobserved dimensions. That is, for any 1 ≤ i ≤ N0 , we define
µ̂i0 = (z, α̇, δ̇),

z ∼ N (z0 , R0 )

(α̇, δ̇) ∼ UAz0 (·),

(35)

where UAz0 denotes the uniform distribution with support given by the admissible region Az0 , and N denotes
a Gaussian distribution with the given mean and covariance matrix defined by the radar observation error
R0 . The components’ covariances are then initialized, still in full spherical coordinates in the radar’s full
measurement frame, with the radar’s noise covariance matrix R0 on the observed dimensions and such that
they fill the gaps between components on the unobserved dimensions. That is, for any 1 ≤ i ≤ N0 , we define
p
P̂0i = blkdiag(R0 , d2i , d2i ), di = 2 A/N0 ,
(36)
where blkdiag is the block diagonal operator, A is the area of the admissible region approximated via Monte
Carlo integration. The intermediate quantities µ̂i0 , P̂0i are then projected to the inertial reference frame with
Cartesian coordinates, through an unscented transform, to form the initial mean µi0 and covariance P0i of
the ith component of the initial max-mixture in Eq. (34).
Finally, the components’ weights are all set to w0i = 1, 1 ≤ i ≤ N0 . This reflects the fact that we have no
information on the object’s initial state, save that it lies somewhere in the region defined by the collected
measurement and the admissible region. In other words, the initial max-mixture (Eq. (34)) aims at reflecting
the partial information delivered by the IOD procedure, but nothing more.
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6.

SIMULATION RESULTS - NEW TARGET ACQUISITION

6.1 Scenario Description
Numeric results consider the first detection and follow-up tracking of a low-Earth orbit space object when
observed via two ground stations generating radar measurements. The true trajectory is the same as Test
Case 1 in Section 4, and the high-fidelity model also defines the true dynamics environment. Three ground
stations generate measurements radar z as described in Section 5.3. The ground station that initially detects
the space object, GS1, is located at 44.77◦ latitude, 83.65◦ longitude, and a radius of R⊕ , with no velocity
in the Earth-fixed frame. The second and third stations have the same longitude and radius, but latitudes
of 0◦ and −44.77◦ , respectively. Ground station locations are selected to (i) produce an initial detection
at epoch for the existing case already established in the literature, (ii) a second measurement of the object
approximately one orbit after initial detection, and (iii) yield one measurement with each spacecraft orbit.
Measurement errors are Gaussian with zero mean, zero correlation, and standard deviations of 30 m in range,
50 arcsec for each of the angles, and 0.03 m/s in range-rate.
The space object is initially detected by GS1, and the credibilistic filter begins processing measurements
with IOD based on the admissible region. The admissible region is based on semi-major axis constraints
of R⊕ + 300 km and R⊕ + 800 km for the minimum and maximum, respectively, and a periapsis radius
minimum value of R⊕ + 300 km. While real-world operations will require relaxed constraints, smaller values
are used for the sake of proof of concept. One measurement is generated with each pass over each station
for a total of 26 measurements. The simulated scenario ends at 24 hours after the epoch time.
6.2 Results
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Fig. 5. Distance between the filter MAP estimate and the ground truth position (top) and velocity (bottom)
of the space object.
Figure 5 shows that the point with highest possibility, dubbed the credibilistic equivalent of the Maximum
A Posteriori (MAP) estimate in probabilistic filtering (e.g., see [3]), has a distance from the ground truth of
approximately 1 km in position and 3 m/s per second in velocity after the first measurement. The distance
then decreases with a trend close to exponential during the first day of observations, getting as small as 3 m
in position and 3 mm/s in velocity.
Figure 6 shows how the possibility function evolves in time in the α̇-δ̇ space. The image at the initial time
corresponds to the OPM for the admissible region. The area within a line of possibility X contains the
ground truth with at least probability 1 − X. Hence, for example, the contour with possibility 0.1 contains
the ground truth with probability of at least 0.9. The possibility starts equal to one in the entire admissible
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Fig. 6. Possibility function in the α̇-δ̇ plane for the initial time (left), after the second observation (middle),
and at the final time (right) with the true value in red.
region, and equal to zero everywhere else, the span in both the α̇ and the δ̇ directions is approximately
0.3 deg/s. After the second measurement, the size of the region with possibility larger than 0.1 decreases by
about 2 orders of magnitude in both directions, and the ground truth has a possibility value of approximately
0.55 in the α̇-δ̇ space. The left-most image in Figure 6 shows the possibility function at the final epoch. The
space with non-trivial possibility has further reduced in size, and it spans for no more than 5×10−4 deg/s
in both directions. The ground truth now a possibility value of approximately 0.9 in the α̇-δ̇ space. Hence,
the possibility function is converging on a solution that is consistent with the truth.
7.

CONCLUSIONS

This paper presented a combination of multi-fidelity and credibilistic filtering to reduce computation time
in uncertainty propagation while accounting for the systematic error in the approach. A cross-validation
approach allows for online assessment of multi-fidelity propagation performance, and an appropriate scaling
of the error estimate allows for bounding the true root-mean-square error of the approximation. This bound
is used in the transition kernel of a credibilistic filter based on a max-mixture of Gaussians representation of
the OPM. Efficacy of the filter is demonstrated in a scenario seeking to establish custody a newly detected
space object. An OPM is instantiated based on the admissible region with 20,000 components in the maxmixture. Follow-up orbit determination leveraging the multi-fidelity approach for computationally efficient
propagation of the mixture establishes custody of the object after a simulation time of 24 hours. Follow-up
work is required to refine the max-mixture and extend the filter to larger initial admissible regions.
8.
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