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In the past, analyses of lightcurve data have been applied to
asteroids in order to determine their axis of rotation, rotation
rate and other parameters. In recent decades, these analy-
ses have begun to be applied in the domain of Earth orbiting
spacecraft. Due to the complex geometry of spacecraft and
the wide variety of parameters that can influence the way in
which they reflect light, these analyses require more complex
assumptions and a greater knowledge about the object being
studied. Previous investigations have shown success in ex-
tracting attitude parameters from unresolved spacecraft us-
ing simulated data. This paper presents a focused attempt to
derive attitude parameters using an Unscented Kalman Fil-
ter from both simulated and real data provided by Lockheed
Martin Space.

This paper characterizes and presents the differences
in performance between three simulated geometries in low,
medium, and geostationary orbit in both cases where they
are spinning about a constant axis and in cases in which they
are tumbling.

Additionally, this paper hypothesizes and tests the idea
that a predictable and extraneous angular velocity solution
exists which is the reflection of the true solution about the
plane defined by the sun and observation vectors. This pa-

per encountered multiple instances of this type solution ap-
pearing in simulation and provides an example as well as a
visualization.

Finally, this paper demonstrates the ability to converge
to a solution from real data although there were large dis-
crepancies between the measurement model and the data.
This paper discusses the validity of these solutions and
sources of error.

1 Introduction
Light curve data is possible one of the most accessible

and plentiful sources of data that can be acquired from a
spacecraft. It requires nothing from the spacecraft and can
be collected by anyone for as many passes as could be de-
sired. Given that interest in utilizing Earth orbit has never
been higher, the utility of this rich vein of data has also never
been higher.

Because the light reflected from a spacecraft is so de-
pendent on that spacecrafts geometry, attitude and material
properties that it is possible to estimate these quantities. This
paper focuses on the latter, but substantial work has already
been published on the topic of geometry estimation.
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Being able to estimate the attitude of a spacecraft for the
duration of a pass also enables the estimation of its angular
velocity, and these two quantities combined offer incredible
potential to increase the situational awareness of space oper-
ations. For example, recently a well funded effort to deorbit
space debris has begun both by government and commercial
organizations. This undertaking must contend with the chal-
lenge that their targets are often spinning and telemetry is
unavailable. Here, light curve data enables the spin of the
target to be estimated without requiring telemetry and allows
for operators to be prepared before proximity operations with
the target begin.

Additionally, it offers a method of identifying and clas-
sifying uncatalogued objects. Because attitude and spin are
so closely linked to the mission of a spacecraft, estimating
these from light curve data allows for debris to be differenti-
ated from functioning spacecraft and more.

In this paper, an Unscented Kalman Filter is formulated
and tested against simulated data to verify proof of concept
and characterize performance with respect to varying orbits
and geometries. Additionally, a hypothesis is tested where
a set of solutions which are indistinguishable from the truth
exist but which is predictably related to the truth by the di-
rection of illumination and observation.

Finally, this paper attempts to bring the theoretical
prospects of lightcurve data into practical ones. Using high
quality data provided by Lockheed Martin Space’s Santa
Cruz observation site, attitude and spin rate estimation will
be attempted using real data and high fidelity geometric mod-
els of real spacecraft.

2 Unscented Kalman Filter Formulation
This paper actually utilizes two formulations of the

UKF. The first formulation is derived for the case in which
it can be assumed that the object is spinning about a fixed
axis or is not tumbling. The second formulation is used in
the case in which the object is expected to be tumbling or its
axis of rotation is not constant.

2.1 Assumptions
This paper assumes knowledge of the spacecraft geom-

etry. This assumption is used by Wetterer et. al., Holzinger
et. al, to name a few [1] [2]. Alternative analyses have made
attempts to estimate the geometry but have assumed knowl-
edge of angular velocity [3] [4] [5] [6] .

This paper derives a UKF which requires data that could
be plausibly acquired in an analysis of real data. Unfortu-
nately, this problem requires either the geometry or the angu-
lar velocity to be known as one cannot be determined without
the other. This paper assumes that the geometry is accessi-
ble, either from photographs, access to design drawings or
other means.

This paper does not assume any prior knowledge of at-
titude, angular velocity, or inertia of the object. The first for-
mulation described is for the case in which the inertia does
not need to be known which occurs when the object is spin-

ning about its major axis. The second includes the inertia in
the state estimate to enable attitude estimation in the case of
a tumbling object.

2.2 Non-Tumbling Formulation
The definition of the state vector is composed of the

modified Rodriguez parameters and angular velocity and is
in the form:

xxx =
[

ppp
ωωω

]
, (1)

where ppp are the Modified Roriguez Parameters (MRPs) and
www is the angular velocity vector. This formulation is utilized
in this paper to filter data for objects that are assumed to be
spinning about a constant axis or whose inertial properties
are known. In either of these cases inertial properties do not
need to be estimated.

The Modified Rodriguez Parameters were selected as
the attitude representation of choice for this paper. The use
of quaternions and Euler Angles were investigated but were
not used for various reasons. Quaternions suffer from the
issue that they are redundant (They constitute of four ele-
ments rather than the minimum of three) and are constrained
to unit length [7]. This means that at all time only three of the
quaternion elements can change freely while allowing for a
total magnitude of one. This causes singularities arise in the
UKF covariance matrix unless complex additional measures
are taken [7] [8]. Additionally, values cannot be added to
a quaternion as it is unit norm constrained which poses an
extra challenge during the update step of the UKF.

Euler angles do not suffer from the singular covariance
issue as they are a minimal attitude representation and are not
unit norm constrained, however they do suffer from another
form of singularity where in certain orientation two of the
angles become indeterminate and can vary wildly with only
small changes in attitude. This makes it very difficult for the
UKF to converge on a solution.

Modified Rodriguez Parameters are related to the
quaternion, but they represent the attitude in a minimal form
using only three elements. This means that they do not
result in a singular covariance matrix. Additionally, they
are not unit norm constrained and only have a single sin-
gularity near the attitude represented by the quaternion as
−1+0i+0 j+0k where the MRP elements tend towards in-
finity. This requires a fix, but one which requires no con-
ditions. Fortunately, for each MRP there is an equivalent,
known as a shadow parameter, which has represents the same
attitude but whose magnitude is inverted [7]. This allows you
to swap between the MRP and its ”shadow parameter” when-
ever its magnitude gets too large. This maintains a consistent
attitude parametrization without ever getting near the singu-
larity. The equation for converting between an MRP and its
shadow parameter and vice verse is the following:

pppshadow =− ppp
||ppp||2

. (2)
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The kinetmatic equations of motion for the Modified
Rodriguez Parameters are as follows [9]:

ṗpp =
1
2

(
1
2
(1− pppT ppp)I + ppp×+ ppppppT

)
ωωω. (3)

2.3 Tumbling Formulation
In the case that the object is tumbling, that is to say that

the angular velocity is not constant in the ECI frame, iner-
tial properties need to be either known or estimated. If these
properties are known then the state definition above suffices
and only the forward propagation model must be changed.
This is unlikely however as it is often difficult even for oper-
ators to accurately measure a spacecrafts inertial properties.
This leads to the necessity to estimate the inertial properties.

This paper estimates the inertial properties by adding
them to the state estimate of the UKF. This typically requires
nine elements to fully define, which adds significantly more
computational complexity to estimate. The ability to effec-
tively represent the inertia of the object in the fewest number
of parameters significantly reduces the number of calcula-
tions required.

It is possible to take advantage of the symmetric proper-
ties of the inertia matrix and add the matrices diagonal and
only estimate the diagonal and either the upper or lower tri-
angular. This only adds six elements to the state as opposed
to nine, however this is still a significant jump in computa-
tional complexity and increases the difficulty for the UKF to
converge on accurate values. This paper makes the follow-
ing two assumptions to reduce the number of elements even
further.

1. The principal inertial frame is sufficiently aligned to the
frame in which the geometry is defined such that the off-
diagonal elements are negligible. This allows for the off-
diagonal elements to be assumed to be zero, reducing the
elements required to be estimated to only the diagonal.

2. The disturbance torques applied to the spacecraft are
negligible over the duration of a single pass. In can be
shown that in the absence of disturbing torques the spe-
cific values of the inertia matrix no longer matter, rather
it is only their relative magnitudes. This assumption is
valid a wide range of spacecraft as the duration of a sin-
gle pass is so small that very few torques could signifi-
cantly affect measurements. This assumption allows for
one element of the inertia matrix to be assumed to be
one.

The combination of these two assumptions reduces the num-
ber of elements that needed to be estimated to two: the sec-
ond and third diagonal elements. Given these assumptions,
the state vector becomes:

xxx =

ppp
ωωω

ΞΞΞ

 , (4)

where ΞΞΞ is defined to be a 2x1 vector containing two of the
diagonal elements of the objects principal inertia matrix.

Light curves are the data collected by observing a satel-
lite with a telescope and measuring the amount of light col-
lected from it. In order to predict how much light a space-
craft is reflecting as a function of its attitude a reflection
model is needed. This paper implements a modified version
of the Phong Bi-Direction Reflection Distribution Function
(BRDF) as used by Linares et. al [8] as well as a ray tracing
algorithm that was proposed by Kaasalainen and Torppa [3].

An overview of the process is that there is a spacecraft
geometry defined by a set of flat facets and at every measure-
ment the facets that are both illuminated and visible by the
observation site are evaluated by a BRDF. This BRDF takes
into account the direction of the illumination source and ob-
servation as well as the illuminated area of the facet which is
calculated using a ray tracing algorithm. The individual con-
tributions of each facet are then summed to return the total
reflected by the spacecraft.

All math for the measurement model can be calculated
in any frame, however the author decided to work entirely
within the spacecrafts body frame as this minimizes the num-
ber of rotations that need to be performed. Using the space-
craft body frame only requires that the observation and sun
vectors be rotated rather than the entire spacecraft geometry.

3 Observation Model
According to Ashikhmin and Shirley, reflections can be

modelled as the sum of their specular and diffuse compo-
nents such that [10]:

ρtotal = ρs +ρd (5)

All vectors in the following equations are used in the
spacecraft body frame.

One feature of the BRDF used in this paper is the ability
to model anisotropic reflection, meaning that it can model the
”streakyness” of surfaces like brushed metal. However, this
requires additional information to describe the distribution of
this reflection. This paper assumes that the specular reflec-
tion is evenly distributed along all directions which allows
the equation of specular reflection to be was follows [10] [4]:

ρsi =
n+1

8π

(uni ·uh)
n

uni ·usun +uni ·uobs− (uni ·usun)(uni ·uobs)
Fre f lecti ,

(6)
where n is the specular distribution parameter, which this pa-
per assumes has a value of 1. A realistic value for real mate-
rials is not specified in the origninal publication of the Phong
model, nor in similar research applying it [10] [4] [11] [3].

The equation for Fre f lecti is [10]:

Fre f lecti = Rspeci ∗ (1−Rspeci)(1−usun·uh)
5. (7)

Where Rspeci is the specular coefficient for facet i.
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Fig. 1. Definition of vectors with respect to a facet.

For surfaces which reflect diffusely, the formula for the
diffuse component is as follows [10] [4]:

ρdi =

(
28Rdi f fi

23π

)
(1−Rspeci)

[
1− (1− uni ·usun

2
)5
]
...[

1− (1− uni ·uobs

2
)5
] (8)

Where Rdi f fi is the diffuse coefficient for the facet i.
This paper implements a geometric model which en-

ables each surface of the object to be assigned a unique spec-
ular and diffuse coefficient. This enables the modeling of
variegated surface coatings and varying materials.

The equation for the total visible power reflected by the
spacecraft then becomes:

Fobs =
Csun,vis

d2

N

∑
i=0

Aiρtotali(uni ·usun)(uni ·uobs) (9)

Where Csun,vis is the power flux output from the sun in the
visible spectrum [455W/m2] [8]. d is the distance from the
observer to the spacecraft in meters, Ai is the illuminated area
of facet (calculated by a ray tracing algorithm), and N is the
number of facets.

This quantity is the basis for all observations, however
data from collected in telescopes is rarely reported in Watts,
but in either counts or intensity. Intensity is defined to be a
logarithmic scaling of power, while counts is a linear scal-
ing of the number of photons received by the CCD sensor
during a single measurement. The conversion from Watts to
intensity magnitude used in this paper is as follows [4]:

m =−26−2.5log10(Fobs/Csun,vis) (10)

and the conversion from Watts to counts used in this paper
is:

counts =
Fobsα∆t
Ee−K

(11)

Where α represents the area of the telescope, ∆t is the expo-
sure time, Ee− is the energy of a visible wavelength photon
in Joules, and K is the CCD gain of the sensor [ e−

count ]. Either
eq. 10 or eq. 11 should be used depending on the data.

4 Ray Tracing Model
As mentioned previously, the ray tracing algorithm is

based on a description in Kaasalainen and Torppa [3]. This
algorithm works by dividing each facet into sample grids,
where the center of each grid is checked both for visibility by
the observer and illumination from the sun. If either of these
conditions is false then the area of the grid is not included in
the total illuminated area. It is important to distinguish be-
tween body mounted facets and exposed facets (such as solar
panels) as the backsides of body mounted facets are assumed
to never be illuminated while exposed facets could be illumi-
nated from either side. The backside of a face of a cube, for
instance, is geometrically impossible to be illuminated from
behind as its backside is completely hidden from the light
source.

The first step is to iterate through each facet and precom-
pute a list of other facets that could cast a shadow on them.
When only rectangles are used, this implies checking the ver-
tices of any potential occluding facets. If any vertex of facet
B rises above the plane of facet A, then facet B is in the list of
facets that could ever occlude A. This algorithm significantly
reduces the number of facets that need to be checked, but it
should be noted that it does not reduce it to the maximum
extent. For example, this algorithm will include facets that
may be separated by the body and in reality could never cast
a shadow on one another. In the case of exposed panels, this
paper assumed that all other facets could cast shadows.

Fig. 2. Visualizaion of an occluding facet.

In order to estimate the area of a facet that is contribut-
ing to the measurement, regularly space sample points need
to be precomputed across each face. Finer spacing will re-
sult in more accurate results but increase the computer time
required. It is important that each sample point represents an
equal area of the facet. To do this, sample points should be
placed at the centers of grid squares of equal area.

When the visible brightness of any facet needs to be
computed, these points will have to be checked for both vis-
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ibility and illumination. A point is both visible and illumi-
nated if all of the following conditions are met:

1. uobs·un > 0
2. usun·un > 0
3. There is no facet between the point and the sun.

(Shadow)
4. There is no facet between the point and the observer.

(Hidden)

The last two rely on the vector-plane intersection equation.

d =
(ppp0− lll0)·nnn

lll·nnn
(12)

Here, d is the distance between point l0 and the plane defined
by the normal vector n along the vector l. p0 is a point on
the plane. This equation will be used to determine the point
of intersection of uobs and usun from each sample point to the
planes of each occluding facet.

As long as l is not perpendicular to n there always exists
a distance d. This paper determines whether or not a ray
intersects a facet within its boundaries by first calculating
the point of intersection of the ray and plane using:

pppx = lll0 +dlll (13)

This point of intersection is then recalculated from the cen-
ter of the occluding facet and its projection along ux and uy
are compared to the facets dimensions to determine if it hit
within the edges of the facet.

The approximation of the total illuminated area of the
facet then becomes:

Ai = Ai0

(
1− number of points excluded

total number of points

)
(14)

Where Ai0 is the total area of the facet. In the convenient
case where a facet has no other facets that could occlude it,
Ai = Ai0. This is true of every facet on a geometry which is
a convex polyhedron.

5 Results and Analysis
5.1 Test Cases

The test cases looked at were selected to determine the
effects of the spacecraft inertia, the spacecrafts orbit and its
geometry. In total 18 total cases were simulated, each were
simulated at various times of the year with randomized an-
gular velocities.

The geometries used in this analysis were a rectangular
prism, a cylinder, and a box-wing. The first two are con-
vex geometries that have differing levels of symmetry, while
the box-wing geometry is concave. These geometries can be
seen in figure 4. The orbits examined are Low Earth Orbits
(LEO), elliptical Medium Earth Orbits (MEO) and Geosta-
tionary (GEO). The final variable is the spacecrafts inertia.

Fig. 3. A sample point that is visible but not illuminated

Rectangular Prism Cylinder

Box Wing

Fig. 4. Three Simulated Geometries.

Orbit Ecc. Semimajor Axis Inc. Period
LEO 0.0029 6,864 km 97.042 94 m

Ecc. MEO 0.5989 17,254 km 31.273 375 m
GEO 0.0001 42,164 km 0.028 1436 m

Fig. 5. Three Simulated Orbits.

In the first case, the pricipal inertial axes are assumed to be
aligned with the spacecraft body frame and equal in magni-
tude. This corresponds to the inertial properties of a uniform
sphere. The effect of this is to make the spin axis constant
for all time. In the second case, the principal inertial axes are
all different and are not aligned with the body frame, causing
the spin axis to change over time.

5.2 Methodology
5.2.1 Simulation Methodology

First, a LEO, MEO, and GEO orbit were selected.
Passes were calculated by brute force sampling a spacecrafts
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location and checking for necessary conditions. These con-
ditions were obviously that the spacecraft must be above the
horizon of the observation site and that the spacecraft be il-
luminated. Passes lower than 20 degrees elevation were dis-
carded because of their decreased length. Additionally, be-
cause this paper assumed that atmospheric effect were neg-
ligible, low elevation passes violate this assumption. Addi-
tionally, in preliminary experiments it was noticed that the
UKF often failed to converge to a solution when the angle
between the observation and sun vector was greater than 90
degrees. This is likely because the probability of any facet
to be illuminated and visible drops significantly as the illu-
minated faces become predominantly on the far side of the
object. This increases the indeterminacy of the problem as
sometimes as few as only one illuminated surface may be
visible. Therefore passes whose observation and sun vectors
were separated by more than 90 degrees were also discarded.
Passes were also limited to only 5 minutes of data collection
as MEO spacecraft passes can be hours long and geostation-
ary passes are perpetual.

A 5 minute pass provides a significant amount of data,
more than enough for the UKF to converge to a result. Ad-
ditionally, based on the data provided by Lockheed Martin
Space, real pass data is rarely collected for more than a few
minutes.

Once a pass was identified, the spacecraft was given
three initial attitudes and angular velocities between 0.1 and
0.3 radians per second. These were then propagated and used
to calculate three different light curves per pass. Before en-
tering the Kalman Filter, Gaussian noise was added to the
light curve whose distribution was similar to that of the real
data collected. Gaussian noise is standard as the assump-
tion of the Kalman Filter is that the noise processes are dis-
tributed in a Gaussian manner [12]. The standard deviation
seen in the real data varied typically between 1-30 counts,
and so this range of values was used to generate the gaussian
noise.

The simulated sample rate was 100 measurements per
second or 0.01 seconds between measurements. This is sig-
nificantly higher than the sample rates used by other re-
searchers such as one sample every 1.316 seconds in Wet-
terer et. al [1] or one every 5 seconds in Holzinger et.
al [2]. This was done to match the data provided by Lock-
heed Martin Space which contained a range of sample rates
which were typically in the neighborhood of one sample ev-
ery 0.025 seconds. This is quite a remarkable data rate.

The inertia matrix used for the spacecraft in the tumbling
cases was as follows:

 1 .01 .01
.01 2 .01
.01 .01 3

 , (15)

with the exception of the MEO and GEO box wing tumbling
cases whose off-diagonal elements were set to zero.

These diagonal elements are each different, meaning
that this object now has a minor, major, and intermediate axis

which leads to tumbling behavior. The off-diagonal elements
reflect a rotation between the inertial axes and the geometric
frame which was assumed to be negligible in the formula-
tion. In the box wing MEO and GEO cases these are set
to zero, meaning that the inertial axes are aligned with the
geometric frame. In this case, the assumption that the off-
diagonals are negligible is completely correct and the UKF
can fully estimate the state.

This matrix follows the assumption used in the deriva-
tion of the UKF formulation which was that the off-diagonal
elements are small and therefore negligible. It should be
noted that the formulation used to estimate these parameters
does not estimate the off-diagonal elements.

Both UKFs were initalized with an angular velocity of
[0.01,0.01,0.01] and an initial Modified Rodriguez Param-
eter of [0.01,0.01,0.01]. These values were arbitratily se-
lected so as to give the UKFs no initial information about the
objects state. It was also noticed that when given all zeros
initially the UKF was much slower to reach an estimate.

The diagonal inertia terms were initially set to [1,1].
Again these are simply arbitrary values in a reasonable range.

No differences were added to the geometric models be-
tween the data simulation and UKF analysis.

5.2.2 Convergence Criteria
Convergence was determined by examining the magni-

tude of the update to the angular velocity. If it was seen that
the angular velocity was updated on average less than 1e-
4 radians/second then it was said to have converged. For
the real data the threshold of 2e-3 was applied to determine
convergence. These values were empirically derived through
guessing and checking.

For the cases where angular velocity was held constant,
this resulted in very satisfactory results. However, in the
cases where the angular velocity was not constant, the UKF
would meet the convergence criteria without producing a re-
alistic solution. The successful runs of the UKF for these
cases were then hand selected using the criteria that a valid
solution for angular velocity should appear sinusoidal and
not change dramatically in amplitude or period.

This is likely due to the UKF’s formulation as it is un-
able to completely estimate the inertia matrix. Therefore
even when it converges to the correct angular velocity it de-
viates from this over time requiring relatively large update
steps.

5.2.3 Data Filtering
When analyzing the data it is important to keep in mind

that this problem is indeterminate and that multiple solutions
are possible which are all equally plausible when the objects
true attitude is not known. This poses a challenge in quanti-
fying the performance of the UKF as the result can only be
directly compared to the simulated truth when the UKF hap-
pens to converge to it rather than another equally plausible
solution. When the UKF produces one of these alternate so-
lutions, it cannot be compared to the simulated truth to mea-
sure accuracy. This would not be an issue if these alternate
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solutions were the minority of solutions found as they could
simply be discarded. However, these alternative solutions are
by far the majority.

A known example of a solution which can never be dis-
carded is the angular velocity corresponding to the negative
of the truth. It is not possible to know whether an object spins
clockwise or counterclockwise about any given axis using
only light curve data [13]. Therefore, in this paper, only the
axis of rotation is examined. What this means is that, during
analysis, the estimated angular velocity was multiplied by 1
or -1 to minimize the dot product between the true angular
velocity and estimated angular velocity. This simply serves
to make valid results more apparent.

As can be seen in figure 6 by simply comparing the
converged solution with the truth model the performance
appears to be lousy. This does not make sense, as ev-
ery converged solution successfully recreated the simulated
lightcurve, meaning that it is a completely plausible solution.

Fig. 6. Relative Error in the ECI Frame When Directly Comparing to
Simulated Truth

What was assumed is that for any given simulated trial,
for every axis there are multiple valid solutions and that if the
data were filtered many times these solutions would each ap-
pear as a group of solutions centered on a mean with similar
variances. A hypothetical example of this is shown in figure
??. These assumptions may not be valid. It may me that the
solutions overlap significantly and it is not possible to sep-
arate them. However, in general once the UKF settled on a
solution it showed a very small variance, making it likely that
this assumption is true.

In order to yield meaningful results without reducing the
sample size to only a handful of cases, the following method-
ology was applied to the data. If any component of the
angular velocity fell within 3 standard deviations of the
ground truth, it was considered to be converging towards
it and its error would be added to the statistics. This al-
lows for an analysis to be conducted but does reduce the

strength of the results.

5.2.4 The Observation Frame
Angular velocities were analyzed in two frames: the

body frame and the observation frame. The body frame is
the reference frame fixed to the spacecraft body, examples
of which can be seen in figure 4. In this frame, direct com-
parisons can be made to the ground truth and deductions can
be made about performance with respect to the spacecraft
geometry. As it can be shown that multiple attitudes can re-
sult in the same light curve, the body frame serves as a poor
frame to analyze angular velocities which may appear wildly
different in body frame but which closely mirror the ground
truth when the spacecraft attitude is accounted for.

Often, a solution may match the truth model much more
closely in a frame that does not depend on the attitude of
the object. An example of this can be seen in 13 where the
angular velocity in the body frame is significantly more off
than in the Observation Frame.

Fig. 7. Definition of the Observation Frame With Respect to the Sun
and Observation Vectors.

The observation frame is defined to have its origin at
the center of the spacecraft, its X axis along the observation
vector, the Z axis being the cross of the sun and observation
vector, and the Y axis completing the frame. This frame en-
abled comparisons between the estimated and true angular
velocities in a frame which is irrespective of the spacecrafts
attitude. Additionally, this frame allows for the error analysis
with respect to the geometry of the situation. For instance,
in figure 18 the observation frame reveals a solution which is
unrelated to the model truth except that it is mirrored about
the plane defined by the observation and illumination vec-
tors.
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6 Simulation Results
6.1 Existence of Multiple Solutions

The simulation results reveal that the problem of
uniquely identifying an attitude profile from a light curve
is an indeterminate problem. The data shows that for any
light curve, there are multiple combinations of attitude pro-
files and angular velocities that can produce it. Many of these
solutions are a result of the symmetry of the spacecraft.

The number of indistinguishable solutions could be re-
duced if the observed object has a highly asymmetric geome-
try or if its reflectance properties vary between panels. These
two quantities both depend on the object and can be conve-
niently selected in simulations, however in reality many ob-
jects are highly symmetrical and the reflectance properties
across the geometry would be unknown.

After seeing these results, one final run was conducted
using the rectangular prism geometry in a geostationary orbit
with each face having different reflactance properties. What
was found was that the convergence success rate increased to
83%, however only 1 solution in 36 converged exactly to the
simulated truth. The individual results were not significantly
different than the other shown and so plots have not been
included. The author would simply like to mention that this
was investigated.

It should be carefully considered when selecting the
reflectance properties of the spacecraft without complete
knowledge. Any light curve can be recreated using any com-
bination of geometry and reflectance properties [13]. At-
tempting to reduce the number of solutions in this way with-
out knowledge of the true properties may result in the exclu-
sion of correct solutions.

6.2 Hypothesis
This paper hypothesizes that a predicable set of solu-

tions exists which can recreate a given lightcurve. This sec-
ond set of solutions is characterized by an angular velocity
vector whose magnitude and direction are directly mirrored
across the XY plane of the observation frame.

It can be noticed in the formulation of the measurement
model that measured light intensity is a function of the rela-
tive directions of the facet normals, observation, and velocity
vectors. If sufficient symmetry exists within the spacecraft
geometry such that it is possible to create what appears to be
a reflection of the spacecraft geometry though only rotation,
then this second set of solutions is expected to exist. This is
because a mirroring of the spacecraft geometry about the XY
plane of the observation frame preserves the angles between
the sun, observation, and each facet normal vector.

This is only possible when the observational plane re-
mains relatively constant however. As the observational
plane changes, so must the mirrored angular velocity. As
the UKF used in this paper assumes that the angular velocity
is either constant or changes according to Eulers equations
of rigid body motion. This un-modeled motion usually ex-
cludes the mirrored solution as valid.

6.3 Case 1: Fixed Axis of Rotation
It is seen in figure 8 that the UKF performs significantly

better in the Geostationary cases. Excepting the cylinder
case, where the LEO and MEO had similar success rates,
it seems that LEO is the most challenging for the UKF.

This is likely due to the fact that in both MEO and LEO,
the amplitude of the light curve can vary dramatically across
the pass as the objects distance from the observer changes.
This means that small errors in the state estimate correspond
to different magnitude errors depending on when they occur
during the pass. This is to say that the model uncertainty
changes throughout the pass while the UKF assumes it is
constant. The reason MEO performs better than LEO is be-
cause a MEO object near apogee has a very constant ampli-
tude. In GEO, the spacecraft effectively do not change their
distance from the observer and so their model uncertainty
remains extremely constant.

Geometry LEO MEO GEO Total Trials
Cylinder 52.77% 48.88% 69.44% 117

Rectangular Prism 19.44% 57.77% 63.88% 117
Box-Wing 0.00% 50.00% 86.95% 80

Fig. 8. Percentages of Trials with Converged Solutions: Fixed Axis
Case

It can be see that in figure 9, the cylinder geometry had
significantly better performance about its Z-axis which cor-
responds to its length. In figure 4 it can be seen that the
cylinder is modeled as a set of flat facets. It is likely that as
the number of facets increases that the error along the Z axis
also increases. This is because as the cylinder rotates each
facet brightens and then dims. A true cylinder with uniform
albedo would not behave like this, instead it would maintain
a constant brightness throughout its rotation about the Z axis.
The approximation of the cylinder using a finite number of
flat facets likely enabled higher performance than would be
expected.

In general the box-wing geometry has large error com-
pared two the other two in figure 9. It is likely that the sig-
nificantly reduced error about the Y axis has to do with the
placement of the panels. The Y axis of this geometry cor-
responds to the axis normal to the ”wings”. The box-wing
geometry was also the smallest geometry and so the modeled
noise affected the signal proportionately more, which would
explain the overall higher uncertainty for this geometry.

Looking that the error in the Observation Frame perfor-
mance in figure 10, the cylinder geometry performed signifi-
cantly better than the other two. Potentially this is due to the
fact to make large changes in the attitude without affecting
the performance by changing its rotation about its Z body
axis. This decoupling between atitude and lightcurve may
decrease the potential for this geometry to become stuck in a
local minimum.

Figures 11, 12, and 13 are an example of a converged
trial for each geometry. These results contain the angular
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Fig. 9. Angular Velocity Error by Body Axis and Geometry With Data
Filtering

Fig. 10. Angular Velocity Error by Observation Frame Axis and Ge-
ometry With Data Filtering

velocity in the body frame as well as the observation frame
so that the results may be compared directly as well as in
a frame irrespective of the spacecraft attitude. The Light
curve comparisons and residuals are also shown in the top
left. The residual represents the difference between the esti-
mated measurement and the true measurement. It can be seen
in the residuals that once the angular velocities converge, the
residuals also drop near zero with some variance which is
largely a byproduct of the Gaussian noise added to the data.
How close the residual is to zero is the only measurement
of how well the state estimate matches the data. Finally, the
Modified Rodriguez Parameters are included in the bottom
right. These are included to show that solutions are found
with entirely different attitudes than the truth but which still
fit the data. It should be noted that the sudden jumps in both
the true and estimated MRPs are simply the result of flip-
ping between the MRPs and their shadow parameter as is
described in eq. 2.

What you expect to see from a positive result in this case
is the angular velocity in body frame to converge to fixed val-
ues and remain constant. In the Observation frame, it is not
expected for the results to converge to a fixed value as the
frame is non inertial. However, it is more likely for the esti-
mated angular velocity to line up with the truth model in the
observation frame and so it is expected but not required that
a successful result match the truth model in the observation
frame.

Additionally, a successful result is always expected to
minimize the residual between the true lightcurve and the
estimated light curve. Seeing the residual of the light curve
comparison converge to a small number near zero is a sign
of a valid solution regardless of the agreement between the
modeled and true state.

Finally, there is no expectation of the MRPs as in all
cases there were multiple orientations which produced the
same light curve. These results were included to show that
there does not need to be any agreement between the true and
simulated MRPs to produce a result that matches the data.
If the problem were completely determinate the estimated
MRPs would align with the simulated truth.

In this data we do see that the angular velocities con-
verge to constant values which indicates success. Addition-
ally when the estimate matches the truth in the observation
frame it matches very closely. In all cases the residuals con-
verge near zero. The variance around zero is largely due to
the noise added to the measurements fed to the UKF.

It is shown that there are multiple MRP solutions which
can produce the same curve as in all three figures (11, 12, and
13) the MRPs converged to significantly different values.
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Angular Velocity in Body Frame

Light Curve Comparison

Angular Velocity in Observation Frame

Modified Rodrigues Parameter Comparison

Fig. 11. Converged Solution of a Rectangular Prism in LEO spin-
ning About a Fixed Axis.

Angular Velocity in Body Frame

Light Curve Comparison

Angular Velocity in Observation Frame

Modified Rodrigues Parameter Comparison

Fig. 12. Converged Solution of a Cylinder in LEO Spinning About a
Fixed Axis.
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Angular Velocity in Body Frame

Light Curve Comparison

Angular Velocity in Observation Frame

Modified Rodrigues Parameter Comparison

Fig. 13. Converged Solution of a Box-Wing in GEO Spinning About
a Fixed Axis

The formulation used in case 1 in which the angular ve-
locity was assumed to be constant yielded very positive re-
sults with a solution being found in approximately half of
the trials. Reiterating, these trials did not simulate geometric
model uncertainty. This means that should this formulation
be applied to real data the performance would be expected to
decrease. Additionally, it is clear that any solution produced
by any UKF is not unique. Figures 11, 12, and 13 demon-
strate solutions which highly fit the data but are significantly
different from the truth model.

6.4 Case 2: Tumbling Spacecraft
The success rates for the tumbling cases were far lower

than in the fixed axis case as can be seen in figure 14. This
is to be expected however as the number of parameters to
estimate and the complexity of the models are significantly
greater. Again though, we see the pattern in which perfor-
mance increases with orbital altitude with GEO having the
highest success rate and LEO having the lowest.

Geometry LEO MEO GEO Total Trials
Cylinder 22.00% 25.00% 25.00% 108

Rectangular Prism 2.77% 2.77% 16.66% 108
Box-Wing 0.00% *0.00% *41.37% 101

* Spacecraft truth model had no off-diagonal elements.

Fig. 14. Percentages of Trials with Converged Solutions: Tumbling
Case

Another trend which has continued into the tumbling
case is that there are once again multiple solutions which re-
sult in the same predicted measurement. In this new data we
see solutions converging with variations in period and am-
plitude in addition to magnitude and direction. These extra
degrees of freedom could potentially be why the UKF strug-
gles to settle on a single solution.

In regards to the Inertia estimation, results varied wildly.
It is known that in the absence of disturbances only the rela-
tive magnitude of the inertia values matter. The top left ele-
ment was forced to be 1, and the other two diagonal elements
were expected to converge to the true values.

Figures 15, 16 and 17 are examples of converged results
for each geometry. What is shown are the angular veloci-
ties in body and observation frame, comparisons to the pre-
dicted and measured light curve, and the values of the esti-
mated inertia parameters. Only the inertia’s about the Y and
Z axes are shown as in the formulation the X axis parameter
is forced to be 1 and is not estimated. Off-diagonal elements
are not estimated and so are not shown.

In this case it is not expected that the angular velocity
converge to a constant value since the spacecraft is tumbling.
Instead it is expected to converge to some continuous curve.
The inertia parameter are expected to converge to constant
values.

Here as in the case of the fixed axis the residual is the
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only measurement of how well the state estimate fits the data.
The resudial is simply the difference between the light curve
generated by state estimate and the true lightcurve. A posi-
tive result is expected to have a residual converge near zero.

The MRPs were not included in these results as figures
11, 12, and 13 show that the attitude of the spacecraft could
be any number of possible solutions and the same was seen
in the tumbling cases.

Indeed we see that in the converged cases the angular
velocities in the body frame converge to continuous, periodic
curves. In the body frame they seem to have some relation-
ship but do not match. No trial run showed a perfect match
between the angular velocity in either the body of observa-
tion frame.

In figures 15 and 16 it appears that in the body frame the
UKF has converged to a solution which is related to the truth
as each has one axis that aligns very well with the truth while
the other two seem to be 180 degrees out of phase. In figure
17 the body frame rate estimates seem to imply the UKF
becoming stuck in a local minimum as its angular velocity
in the X axis seems to be in resonance with the true rate. It
can be seen that for ever 4 periods of the true solution the
estimated solution has completed 5.

Unlike in case 1 where the axis of rotation was fixed,
there is no clear deduction to be made from the angular ve-
locities in the observation frame. Figures 15 and 16 seem so
show some kind of reflection about the Z axis of the obser-
vation frame, implying some kind of geometric relationship
between the estimated solution and the true solution. How-
ever, there is no clear alignment in the X and Y axes in either
of these figures which was typical of solutions whose angu-
lar velocity was reflected about the plane of observation in
case 1.

The performance of the residuals in the case 2 are also
visibly worse when compared to the results of case 1. In
figure 17 the residual is on the order of the measurement
which signals that this result is simply the product of the
UKF falling into a local minimum. Figure 17 is an example
of a trial which converged but matched the data very poorly
as it seems to have become ”stuck” in a solution whose an-
gular velocity has resonance with the truth.

In terms of the inertia estimations, it is seen in figures
15, 16 and 17 that the inertia does indeed converge to con-
stant values, although they are not as constant as the angular
velocities were in case 1. It is interesting to note that in fig-
ure 17 the X axis inertia was estimated to be intermediate
axis as the Y axis value was estimated to be less than one. In
figures 15 and 16 the X axis inertia is correctly estimated to
be the minor axis as the other inertia parameters are greater
than 1, however in both figures the Y axis parameter was de-
termined to be the major axis and the Z axis was determined
to be the intermediate axis. This is determined by their rel-
ative magnitudes, in both cases Y > Z > X . By looking at
figure 15 it can be seen that this is incorrect. Both of these
solutions minimized the residual and can be considered valid
results, meaning that once again, there are multiple possible
solutions for the inertial parameters that can match the data.

Angular Velocity in Body Frame

Light Curve Comparison

Angular Velocity in Body Frame

Estimated Inertia Values

Fig. 15. Converged Solution of a Cylinder in MEO Tumbling.
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Angular Velocity in Body Frame

Light Curve Comparison

Angular Velocity in Body Frame

Estimated Inertia Values

Fig. 16. Converged Solution of a Rectangular Prism in MEO Tum-
bling.

Angular Velocity in Body Frame

Light Curve Comparison

Angular Velocity in Body Frame

Estimated Inertia Values

Fig. 17. Converged Solution of a Box-Wing in GEO Tumbling.
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The UKF formulation in which only two inertia pa-
rameters were estimated was able to converge to solutions
which fit the data for all three geometries. However, the
success rate was significantly low. This could potentially be
improved slightly through tuning, however this formulation
cannot fully estimate the inertia parameters which signifi-
cantly reduces its ability to converge to a solution. Should
this formulation be applied to real data it should be noted
that the solutions produced are not unique and it is possible
for the UKF to become stuck in a locally optimal solution
which fails to fit the data.

6.5 Hypothesis Results
By examining the angular velocities in the observation

frame, it was observed that 6 of the 314 trials converged to a
solution which was mirrored across the observational plane.
This was apparent because, in the observation frame, the an-
gular velocity converged to the correct axis and magnitude
with the exception that the Z component was the negative of
what the truth.

Angular Velocity in the Observation Frame

Light Curve Comparison

Fig. 18. Example of a solution which is flipped across the observa-
tion plane.

In figure 18 it can be see that the angular velocity esti-
mate converges to ground truth except for along the Z axis,
where it converges to the negative. This corresponds with a

Fig. 19. Consecutive Images from the observers perspective of
truth [TOP] and estimate [BOTTOM] showing a mirror image solu-
tion.

mirroring of the angular velocity about the XY plane of the
observation frame.

In figure 19 a visualization is shown of the truth and es-
timated spacecraft attitudes. Here the symmetrical relation-
ship between the true attitude and its mirrored counterpart.
Additionally, it can be seen in figure 19 that the light curve
is nearly identical to the original, suggesting that these two
solutions are indistinguishable.

This result is important because as there are so many
ways in which this attitude estimation problem are indeter-
minate. Any way in which a result can be predictably as-
sociated with a set of other potential solutions significantly
increases the utility of the analysis. Knowing that this addi-
tional solution is possible allows for any single solution to
now represent at least four alternative solutions which are
simple transformations of each other. These 4 solutions are
then the true angular velocity, its reflections, and their nega-
tives.

7 Real Data
7.1 Real vs Simulated Data

It is noted that the real data looks significantly differ-
ent than the simulated data. The simulated data has clearly
defined, macroscopic, periodic variations which can clearly
be attributed to a rotating, reflecting surface. The real data,
which can be seen in Appendix B., is much more ambiguous.
It is unknown if the high frequency variations in the data are
noise or signal. A Fourier transform of the data did not show
any frequency begin significantly dominant.

The UKF largely ignored this high frequency variation
and instead appeared to track the mean.

7.2 SERT-2
The Space Electric Rocket Test II (SERT-2) is a modi-

fied Aegena rocket body whose mission was to test two ion
propulsion systems on board [14]. In order to power these
propulsion systems, two deployable solar panels were added
to the Aegena rocket body whose dimensions were 1.5x6 me-
ters. The dimensions of the Aegena module were also 1.53x6
meters.

SERT-2 was launched on February 3rd, 1970 and was fi-
nally decommissioned in 1991. Due to the age of the space-
craft and considering that there is potentially fuel remaining
within the Aegena tank, this spacecraft can be assumed to be
spinning about its major axis. This simplifying assumption
allows for the implementation of the simpler UKF formula-
tion where no inertial parameters are estimated.
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SERT-2, Source: NASA

SERT-2 Reflectance Model

Fig. 20. SERT-2 vs Reflectance Model

The geometry of SERT-2 is essentially a cylinder with
two rectangular panels radiating from one end. This model
is non-convex which means that it can take advantage of ray
tracing algorithm described in this paper.

The geometric model for SERT-2 can be see in figure 20.
The reflectance properties used for each panel were a spec-
ular reflectance of 0 and a diffuse reflectance of 0.002. This
reflects the properties of matte paint which reflects entirely
diffusely. The diffuse coefficient value seems low, although a
realistic range of values is not described in the original pub-
lication of the Phong model, nor is it described in similar
research applying the Phong model [10] [4] [11] [3]. This
value was empirically estimated to best fit the measured data.

In figure 21 the results from one set of data are shown.
These are presented in nearly the same manner as the trials
in case 1 of the simulated trials. Here the angular velocity is
presented in the body frame and the ECI frame (rather than
the observation frame). The comparison between the light
curve produced by the state estimate and the real data rare
shown in addition to their residual. Finally, the MRPs are
provided.

In this case the only quantity which can be compared are
the measured light curve and the one generated by the state
estimate. By looking at the light curve comparison it can be
seen that the estimated state was generally able to predict the
macroscopic trends of the data. This is a promising result
which implies at least some success.

The angular velocities in both the body and ECI frame
both converge to fairly constant values which is expected.
Additionally the MRPs settled into a stable set of solutions.
The strange behavior around 20 seconds in the MRP plot is
caused by the UKF updating the MRP estimate very near the
threshold of the flip from MRP to shadow parameter causing
it to switch back and forth.

Angular Velocity in Body Frame

Light Curve Comparison

Angular Velocity in ECI Frame

Modified Rodrigues Parameter Estimates

Fig. 21. Convergence of a solution using real data of SERT-2.
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7.3 Ajisai (EGS)
Ajisai was a mission launched on August 13th, 1986

and was primarily intended as a dummy payload for the H-
I launch vehicle. [15] Ajisai is essentially a sphere covered
with 1,436 corner cube reflectors and 318 mirrors. [16] Its
secondary mission (after being mass) was to determine the
exact position of the more isolated Japanese islands. [15]

Because this spacecraft is so old and because it is a
sphere, it is highly likely that it is spinning about its major
axis and the simpler UKF formulation can be applied once
more.

AJISAI, Source: JAXA

AJISAI Reflectance Model

Fig. 22. AJISAI vs Reflectance Model

Fig. 23. AJISAI with Engineer [Left]. Corner Cube Reflector Loca-
tions [Right] [16]

Angular Velocity in Body Frame

Light Curve Comparison

Angular Velocity in ECI Frame

Modified Rodrigues Parameter Estimates

Fig. 24. Measurement model mismatch with real data from AJISAI.
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The geometry of the spacecraft is simply a large set of
reflective panels. Being mirrors, these panels will have very
high specular reflectance and almost no diffuse reflectance.
The corner cube reflectors designed to reflect light back to
its source. In this scenario, that source is the sun, and so the
corner cube reflectors can be assumed to contribute nothing
to the lightcurve. Thankfully, the positions of each corner
cube reflector were documented, and the panel locations can
be inferred from them.

The reflective properties used in this spacecrafts model
was as specular reflectance of 0.002 and a diffuse reflectance
of 0. These values were empirically estimated to best fit the
measured data. It can be seen in figure 24 that the measure-
ment model was unable to find an attitude which could recre-
ate the magnitude of the measured data. This was the case
for all attempts to filter data collected from this spacecraft.

Had the measurement model agreed with results, it still
would have been a challenge for the UKF to converge to an
accurate solution as AJISAI is roughly a sphere and its light
curve is expected to vary only slightly as a function of atti-
tude. Very high quality data would be needed to capture the
detail necessary to discern attitude.

Figure 24 shows a trial with AJISAI data in which a so-
lution was found but which did not fit the data. This is due
to the large discrepancy between the true optical properties
and the ones assigned to the model. It can be seen that even
though a constant angular velocity is reached in the body
frame, the light curve generated by this state estimate is sig-
nificantly off from the real data. Additionally, by looking at
the angular velocity in the ECI frame, it can be seen that the
UKF had difficulty converging to a set of MRPs. It is likely
that the attitude converged upon simply minimized the total
brightness.

7.4 Second Stage Ariane-40 R/B

The final object analyzed in this paper was the second
stage of an Ariane-40 rocket. This particular rocket body
was launched on September 26th, 1993 [17]. Roughly speak-
ing, the geometry of this debris is roughly cylindrical and be
expected to be rotation about its major axis. Therefore the
same UKF formulation was applies as the previous two ob-
jects. Additionally, being a rocket body, fuel left over is ex-
pected to be removing kinetic energy through friction which
increases the likelihood that it is spinning about its major
axis.

Fig. 25. Ariane-40 R/B Reflectance Model

The reflectance properties used for this model were,
once again, a specular reflectance of 0 and a diffuse re-
flectance of 0.002 . These values were empirically estimated
to best fit the measured data.

The UKF managed to converge to a solution in 6 of the
8 trials. Figure ?? shows the final angular velocities for the
Ariane-40 R/B trials. It can be seen that in the body frame
the majority of the solutions primarily lie along the Z axis.
This is unsurprising as the Z axis of a cylinder has the least
effect on the light curve. This means that there should be a
large uncertainty about this axis leading to larger values.

Given the results of the simulated results presented in
case 1, it was shown that the cylinder geometry had the
smallest uncertainty about the Z axis. This is believed to
be due to approximating the geometry with a small number
of flat surfaces. Therefore the results from the case 1 trials
cannot be used to interpret the data. Not only is this low un-
certainty about the Z axis an artifact of approximation, the
real object being studied is a true cylinder not a series of flat
surfaces. The effect of approximating a cylinder with multi-
ple surfaces is unknown.

In figure 26 the results from one set of data are shown.
These are presented in nearly the same manner as the trials
in case 1 of the simulated trials. Here the angular velocity is
presented in the body frame and the ECI frame (rather than
the observation frame). The comparison between the light
curve produced by the state estimate and the real data rare
shown in addition to their residual. Finally, the MRPs are
provided.

It can be seen that the UKF does find a solution which
minimized the residual, however the data provided for this
spacecraft was mostly very flat. This is likely due to the
spacecraft spinning so slowly that variations in the data are
lost in the noise.

This limits the interpretability of the results, as the sig-
nal is so faint that it is unlikely to be sufficient for concrete
results. However, the UKF does converge on a solution with
near zero angular velocity in the X and Y body axes and
only angular velocity in the Z axis. Again, the Z axis in the
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body frame corresponds to the length of the cylinder and is
expected to have a minimal effects of the light curve.

Angular Velocity in Body Frame

Light Curve Comparison

Angular Velocity in ECI Frame

Modified Rodrigues Parameter Estimates

Fig. 26. Convergence of a solution using real data of Ariane-40 R/B.

8 Conclusion
Two UKF formulations were derived to estimate the

angular velocity of spacecraft using only light curve data.
One formulation focused on the case in which the object
is expected to be spinning about a constant axis, while the
other accounted for the potential of the spacecraft to be tum-
bling. Both formulations were assessed using simulated light
curves and the former was applied to real data which was col-
lected and provided by Lockheed Martin Space.

On the simulated data it was shown that in the case of
the object spinning about a fixed axis, solutions were con-
verged upon for a the majority of the trials. For the trials
in which the spacecraft was tumbling the success rates were
significantly lower and varied significantly with respect to
the objects geometry and orbit.

Overall it was noticed that both formulations performed
significantly better when the object being analyzed was in
a geostationary orbit where the amplitude of the light curve
varied little. It was also noticed that performance varied sig-
nificantly with respect to the presence of geometry features.

A novel result of this paper is the existence of a second
group of solutions. It was found that for some angular ve-
locity solutions, there is another solution which is simply the
reflection of the first solution about the plane defined by the
observation and sun vectors. This is interesting as it adds
another element of uncertainty for any solution which is ver-
ified by simply comparing the produced light curve. It also
allows for a single any single solution to potentially represent
a family of solutions which can be easily checked without
using brute force methods.

Solutions were converged upon when real data was ana-
lyzed, however it is unlikely that these solutions are correct
and they cannot be verified. It was also discovered that there
was a significant discrepancy between the light reflectance
model used by the UKF and the real data collected. The re-
flectance properties of each spacecraft had to be significantly
lowered in order to match the magnitude of the real data.

This paper attempted to create the simplest possible
UKF formulations which would produce meaningful results.
The belief was that by minimizing the number of parame-
ters estimated, the fewer data would be required to converge
on a solution as high quality data is usually scarce. This
was accomplished, however the performance in the case of
tumbling objects was very poor and the process of manually
selecting the reflectance properties of the spacecraft were
coarse and left much to be desired. When the off-diagonal
elements were removed from the truth model, the tumbling
UKF formulation improved significantly although too few
trials were conducted without them to say so definitively. It
is likely worthwhile to expand the estimated state to include
a representation of the full inertia matrix.
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