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ABSTRACT   

This paper studies at the application of unmixing to hyperspectral remote sensing of unresolved objects for space 
situational awareness. We review library-based unmixing and its application for hyperspectral remote sensing of 
unresolved objects. The concept of spectro-temporal signatures is introduced and its potential value for unsupervised 
unmixing of unresolved objects is discussed. Data-driven endmember extraction algorithms from terrestrial 
applications are applied to data sets generated using simulations. We study the limitations of unsupervised 
hyperspectral methods for extracting material composition of unresolved space object. Results show that data driven 
approached may not work with the small size of temporal spectral traces of unresolved space objects and they may 
not be informative enough for endmember extraction. 
 
Keywords: Hyperspectral remote sensing, Unresolved resident space objects, Spectro-temporal signatures, Space 
situational awareness. Endmember extraction. 

1. INTRODUCTION  

The United States depends economically and militarily in its space assets [1]. Satellites provide a multitude of critical 
services, which are critical for US defense, security and economic wealth.  Space situational awareness (SSA) is 
needed to have a clear picture of the environment surrounding US space assets to detect any changes or potential 
threats. The increase of space assets and of debris caused by man-made objects that no longer serve a useful purpose, 
require remote sensing technologies to support collision avoidance and catalog maintenance as well as to support a 
more tactical, predictive, and intelligence driven SSA. 
 
Radar ground assets are primarily used for observing targets in Low Earth Orbit while optical ground assets are used 
to assess the environment at higher altitudes.  Current ground-based space telescope technology cannot spatially 
resolve objects in space that are distant (e.g. GEO) or that are small (e.g. CubeSats, orbital debris).  These are denoted 
as unresolved resident space objects (URSO). Current technology only allows to qualitatively assess the risk from 
objects in Earth orbit [2].  
 
One approach that can potentially extract quantitative information about URSO is hyperspectral remote sensing. The 
high spectral resolution of hyperspectral imagers allows extraction information about the material composition of 
unresolved objects from their contribution to the measured mixed spectra [3]. Thus, hyperspectral remote sensing can 
provide a quantitative approach to assessing/extracting URSO material composition information. Even though the 
object cannot be spatially resolved, it may be spectrally resolved. 
 
The paper is organized as follows. Section 2 presents a brief introduction to linear spectral mixing and 
unmixing. Section 3 presents experiments on endmember extraction from simulated mixed spectral 
temporal traces. We see that data-driven approached may not have the capability to extract material 
composition information if the spectral trace data is not informative enough. Section present discussion and 
final remarks. 

2. HYPERSPECTRAL UNMIXING 

A standard model for spectral mixing is the linear mixing model (LMM) where the measured mixed spectral signature, 
𝒙𝒙 ∈ ℜ+

𝑚𝑚 is represented as a convex linear combination of the endmember spectral signatures 𝒔𝒔𝑖𝑖 ∈ ℜ+
𝑚𝑚 [4].  

Copyright © 2020 Advanced Maui Optical and Space Surveillance Technologies Conference (AMOS) – www.amostech.com 



 
 

 
 

 
 

𝒙𝒙 = ∑ 𝑎𝑎𝑖𝑖𝒔𝒔𝑖𝑖
𝑝𝑝
𝑖𝑖=1 + 𝒘𝒘 = 𝑺𝑺𝑺𝑺+w     (1) 

where 𝑝𝑝 is the number of endmembers, 𝑚𝑚 is the number of bands,  𝒘𝒘 ∈ ℜ𝒎𝒎  is the vector of noise, 𝑎𝑎𝑖𝑖  is the i-th 
endmember fractional abundance, 𝑺𝑺 = [𝒔𝒔1 𝒔𝒔2 ⋯ 𝒔𝒔𝑝𝑝] ∈ ℜ+

𝑚𝑚×𝑝𝑝 is the matrix of endmembers, and 𝑺𝑺 ∈ ℜ+
𝑝𝑝  is the 

vector of abundances. Here ℜ+
𝑚𝑚 denotes the positive orthant of ℜ𝒎𝒎. Since abundances 𝑎𝑎𝑖𝑖 are related to the fraction of 

area covered by the material in the field of view of the sensor they need to satisfy 𝑎𝑎𝑖𝑖 ≥ 0, and 𝑺𝑺𝑇𝑇𝟏𝟏 = ∑ 𝑎𝑎𝑖𝑖
𝑝𝑝
𝑖𝑖=1 = 1.  

This later constraint is called the sum-to-one constraint (STO) imposed on the abundances. 
 
A SSA hyperspectral remote sensor such as Spica [5] or SpeX [6] collect spectral reflectance traces of a space object 
over a specific period of time. As the object rotates or tumbles different faces of the URSO are in the field of view of 
the sensor. The signature on each pixel of the trace is a mixture of the signatures of the URSO materials in the field 
of view of the sensor at that instant of time.  Let 𝑿𝑿 = [𝒙𝒙1 𝒙𝒙2 ⋯ 𝒙𝒙𝑁𝑁] ∈ ℜ+

𝑚𝑚×𝑁𝑁 be the matrix of measured spectral 
signatures in a time trace. We will call this matrix the spectro-temporal signature of the URSO that can be used to 
restate (1) in matrix form as follow 

𝑿𝑿 = 𝑺𝑺𝑺𝑺 + 𝑾𝑾      (2) 
where 𝑺𝑺 = [𝒔𝒔1 𝒔𝒔2 ⋯ 𝒔𝒔𝑝𝑝] ∈ ℜ+

𝑚𝑚×𝑝𝑝  is the matrix of spectral signatures of the material in the URSO (or 
endmembers), 𝑺𝑺 = [𝑺𝑺1 𝑺𝑺2 ⋯ 𝑺𝑺𝑁𝑁] ∈ ℜ+

𝑝𝑝×𝑁𝑁  is the matrix of endmember abundances, 𝑾𝑾 =
[𝒘𝒘1 𝒘𝒘2 ⋯ 𝒘𝒘𝑁𝑁] ∈ ℜ+

𝑚𝑚×𝑁𝑁 is the noise matrix, and 𝑁𝑁 is the number of measured spectral signatures in the temporal 
trace. The spectro-temporal signature could be exploited by unmixing procedures to extract URSO material 
composition information that can be used for object tracking and identification. 
 
The hyperspectral unmixing problem refers to the problem of finding the number of endmembers p, their spectral 
signatures 𝒔𝒔𝑖𝑖 , and their abundances 𝑎𝑎𝑖𝑖  for 𝑖𝑖 = 1,2, … ,𝑝𝑝 . This is an ill-posed problem. Estimating the number of 
endmembers p and finding their spectral signatures are the main challenges in unmixing. Furthermore note that (3) 
does not account for variability of spectral endmembers as an endmember is represented by a single spectral signature.  
 
Additional constraints are included in unmixing process to obtain physically meaningful solutions. For instance, 
equations (1) and (2) combined with the abundance constraints suggests that the measured mixed spectra x is inside a 
simplex with corners at the endmember signatures [4]. This geometric constraint is an important constraint that 
motivates many of the endmember extraction approaches used in hyperspectral unmixing that aim at finding the 
corners of the smallest simplex enclosing the hyperspectral data cloud.  
 
2.1 Abundance Estimation 

If the number endmembers p and their spectral signatures 𝒔𝒔𝑖𝑖  are known, the unmixing problem reduces to the 
abundance estimation problem (AEP) given by 

𝑺𝑺�𝐹𝐹𝐹𝐹 = arg min‖𝒙𝒙 − 𝑺𝑺𝑺𝑺‖2
2  subject to 𝑺𝑺 ∈ ℜ+

𝑝𝑝 ,   𝑺𝑺𝑻𝑻𝟏𝟏 = 1   (3) 

A common assumption is that 𝑝𝑝 < 𝑚𝑚. Notice that (3) is a constrained linear least squares (CLLS) problem. The 
constraints are inequality constraints because of the non-negativity of abundances and equality constraints due to the 
sum-to-one requirement for fractional abundances. In the unmixing literature, (3) is referred to as the fully constrained 
LLS (FCLLS) abundance estimation problem. Algorithms to solve the FCLLS and their application to abundance 
estimation in hyperspectral unmixing are discussed in [4].  
 
Simpler abundance estimation algorithms result by enforcing some or none of the constraints. For instance, an 
unconstrained least squares (ULS) problem results when none of the constraints in (3) are enforced. The ULS has a 
close-form solution given by 

𝑺𝑺�𝑈𝑈𝑈𝑈𝑈𝑈 = (𝑺𝑺𝑇𝑇𝑺𝑺)−1𝑺𝑺𝑇𝑇𝒙𝒙           (4) 
The unconstrained solution can be quite useful in assessing the quality of the linear mixing model. In the noise free 
case and under perfect modeling in (1), we have that 𝑺𝑺�𝑈𝑈𝐹𝐹 = 𝑺𝑺�𝐹𝐹𝐹𝐹. Constraint enforcement is necessary due to noise. 
The closeness of 𝑺𝑺�𝑈𝑈𝐹𝐹 to 𝑺𝑺�𝐹𝐹𝐹𝐹 could be used as a diagnostic for the quality of the extracted linear mixing model for a 
particular mixed signature.  
 
If only the sum-to-one constraint is enforced, a close form solution is also possible and is given by 
 

Copyright © 2020 Advanced Maui Optical and Space Surveillance Technologies Conference (AMOS) – www.amostech.com 



 
 

 
 

 
 

𝑺𝑺�𝑈𝑈𝑇𝑇𝑆𝑆 = 𝑺𝑺�𝑈𝑈𝑈𝑈𝑈𝑈 + (𝑺𝑺𝑇𝑇𝑺𝑺)−1𝜑𝜑𝟏𝟏      (5) 
where  

𝜑𝜑 =
1 − 𝟏𝟏𝑇𝑇𝑺𝑺�𝑈𝑈𝑈𝑈𝑈𝑈
𝟏𝟏𝑇𝑇(𝑺𝑺𝑇𝑇𝑺𝑺)−1𝟏𝟏

 

and 1 is a vector of ones. If only the non-negative constraint is enforced, the resulting problem is called the non-
negative least squares (NNLS) problem for which the iterative algorithm presented in [7] is widely used and available 
in the MATLAB and in the GNU-Octave software. Multiplicative iterative algorithms can be used to solve the NNLS 
problem as described in [8]. 
 
The AEP produces accurate results in the noise free case if the correct endmembers are in 𝑺𝑺. Note that if the number 
of endmembers or their signatures are incorrect, the optimization routine used to solve (1) will produce a numerical 
solution that gives an incorrect characterization of the mixed spectral signature 𝒙𝒙.  
 
2.2 Library-Based Unmixing 

Library-based unmixing is a common technique for hyperspectral unmixing. Spectral libraries can be developed from 
field, image-derived and/or laboratory spectra. Examples of spectral libraries used for hyperspectral unmixing are the 
USGS spectral library [9], the JPL ASTER Spectral Library [10], and the NASA Spectral Database at NASA\JSC 
[11]. This later one has been used in SSA unmixing applications.  
 
The Multiple Endmember Spectral Mixture Analysis (MESMA) [12] seeks to finds the likely composition of each 
mixed pixel by selecting subsets of endmembers from the spectral library and fitting them to the measured spectra 𝒙𝒙 
by solving (3) for each combination. The endmember subset that produces the lowest fitting error is chosen as the 
most likely one. MESMA assumes that the number of endmember in a mixed pixel is small (2 to 4) and tests for a 
large number of possible models with 2-4 endmembers until a suitable one is found.    
 
Another approach to library-based unmixing is based on sparse regression (SR). This approach jointly estimates the 
number of endmembers and extracts their abundances from the data without performing a combinatorial search. In 
sparse regression unmixing, the following optimization problem is solved [13] 

𝑺𝑺�� = arg min
 
‖𝑺𝑺�‖0   subject to  ‖𝒙𝒙 − 𝑺𝑺�𝑺𝑺�‖2 ≤ 𝛿𝛿    (6) 

where ‖ ‖0  is the nuclear norm and it denotes the number of nonzero elements in 𝑺𝑺� ∈ ℜ+
𝑈𝑈 ,  

𝑺𝑺� = [𝒔𝒔1 𝒔𝒔2 ⋯ 𝒔𝒔𝑈𝑈] ∈ ℜ+
𝑚𝑚×𝑈𝑈 is the matrix of all spectral signatures in the spectral library, and 𝑈𝑈 is the number of 

spectral signatures in the library. In most applications, 𝑈𝑈 >> 𝑝𝑝. Note that once (6) is solved �𝑺𝑺���
0

= �̂�𝑝 and the non-
zero elements of 𝑺𝑺�� identify the selected spectral signatures and their values are estimates of their abundances. The 
‖ ‖0  is discrete and non-convex which results in (6) being NP-hard.  In most SR applications, a relaxed version of 
(6) is solved where ‖ ‖0  is replaced by ‖ ‖1  making (6) a convex optimization problem. The convex 
approximation produces a satisfactory sparse solution under mild conditions [13].  
 
Library-based unmixing has been used in SSA. For instance, [14] shows experiments where a subset of 10-15 
signatures from the NASA Spectral Database (400+ signatures) maintained at NASA\JSC was applied to data from 
United Kingdom Infrared Telescope (UKIRT). Good results were obtained when the “correct” endmember spectral 
signatures for the URSO where included in the library. However, if the signature of a material in the URSO is not in 
the library, the algorithm fits the mixed spectra using the available spectral signatures, which led to incorrect material 
composition determination. For instance, a solar panel spectrum was identified as an endmember in spectra collected 
from rocket bodies and debris pieces leading to incorrect identification and characterization in [14].  
 
Another problem with library-based unmixing is high coherence (or similarity) between spectral signatures, which 
may lead to incorrect endmember identification or numerical ill-conditioning. Furthermore, the environmental 
conditions during collection by the sensor are quite different from those in a laboratory setting. Therefore, library 
spectra may differ significantly from data-based spectra even though they may represent the same material.  
 
The capacity of discovering signatures of materials not present in the library from measured spectral data is one that 
will significantly contribute to better characterize URSO. Furthermore, even if the library contains the spectral 
signature of all satellite materials, natural variability introduced by environmental factors [15] may contribute to 
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incorrect material identification. Therefore, the capacity to find endmembers present in an object but not in the library 
and to account for material spectral variability or changes are important features for accurate URSO composition 
determination. 

3. SIMULATION RESULTS 

3.1 Simple Simulation Model 

A challenge in our work has been the lack of access to hyperspectral data for algorithm testing and 
validation. A simple simulation model was proposed by [17] that captures some of the features being 
explored in this work about the use of spectro-temporal signatures for hyperspectral unmixing for 
determining composition that could be applicable to material composition determination for URSO. The 
simple simulation consist of a sphere whose surface is made of patches of different materials rotating over 
a background. As the ball rotates, different faces of the sphere appear in the field of view of the sensor. A 
temporal video trace of the ball rotating is generated. Each frame of the video is used to compute one mixed 
signature. The mixed signature for one frame is computed using the LMM in (1) where the endmembers 
correspond to selected signatures from the USGS spectral library and the corresponding abundance is equal 
to the fraction of pixels occupied by that material in the video frame. As the ball rotates the number of 
pixels corresponding to different materials change simulating the temporal mixed spectral trace that is 
generated by an URSO as it rotates and/or tumbles along its trajectory. This is illustrated in Fig. 1 for 12 
frames. Each color in the ball is associated with a spectral signature of a material.  This simple model does 
not consider illumination conditions and bidirectional reflectance, which are relevant and important in this 
problem. 

 
Fig. 1: Simple simulation model of a rotating ball over a background: each color in the ball is associated with a spectral 
signature. 
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Fig. 2: Endmember spectral signatures used in the simulation, from [18]. 

Seven materials (one background (black) and six colors (red, green, blue, cyan, yellow, magenta) were used 
in the simulations presented here. Each color in the simulation is associated with the spectral signature of a 
material: limestone (black-background), melting snow (Blue), titanium dioxide (green), zinc oxide (red), 
aluminum brushed (cyan), marsh (yellow), and quartz (magenta). The spectral signatures are shown in Fig. 
2 and were downloaded from USGS library [18].  These are the endmembers that we would like to extract 
using unmixing approaches. The computed abundances for each color are summarized in Table 1 for each 
frame.  

 
Table 1: Abundance for each material at the individual video frames. 

Color in the 
Ball 

Frame Number 

1 2 3 4 5 6 7 8 9 10 11 12 

Red 0.3035  0.2942  0.2518  0.1688  0.0834  0.0671  0.0694  0.0760  0.2016  0.3258  0.3421  0.3164  

Green 0.0130  0.0148  0.0369  0.1113  0.2232  0.2038  0.1726  0.3170  0.2711  0.1144  0.0341  0.0129  

Blue 0.0774  0.0750  0.0735  0.1202  0.2334  0.2915  0.1857  0.0723  0.1094  0.1278  0.1008  0.0817  

Cyan 0.2240  0.2379  0.2815  0.2919  0.1744  0.0254  0.0109  0.0957  0.1170  0.0893  0.1362  0.2011  

Yellow 0.1214  0.1176  0.0933  0.0391  0.0048  0.0012  0.0022  0.0024  0.0155  0.0825  0.1238  0.1258  

Magenta 0.0014  0.0018  0.0042  0.0073  0.0223  0.1494  0.2985  0.1780  0.0238  0.0014  0.0014  0.0012  

Background 0.2592  0.2588  0.2588  0.2614  0.2586  0.2615  0.2608  0.2587  0.2615  0.2588  0.2617  0.2610  

 
3.2 Endmember Extraction results 

We applied two endmember extraction algorithms used for terrestrial applications to the simulated temporal trace of 
12 mixed signatures. The first endmember extraction algorithm was SVDSS described in [19]. This algorithms 
assumes that the endmember signatures are contained in the data or the pure pixel assumption (which is incorrect as 
none of the frames contain a single material). The second algorithm in the constrained Nonnegative Matrix 
Factorization (cNMF) of [20], which does not assume the endmember are contained in the data and extracts virtual 
endmembers [21].  
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The spectral signatures of the extracted endmembers using SVDSS are shown in Fig. 5(a). Note that the algorithm 
chose a subset of seven signatures from the mixed signature set. The virtual endmembers extracted with cNMF 
initialized with the SVDSS endmembers are shown in Fig. 5(b). To compare the extracted and true endmembers, a 3D 
scatter plot of the first 3 principal components is shown in Fig. 6. In this plot the mixed signatures are points marked 
with x-blue, true endmembers correspond to the points marked with *-black, the virtual endmembers correspond to 
the points marked with *-red, and those signatures selected by SVDSS from the mixed signatures are marked with 
magenta circles around their blue crosses.  

Clearly the extracted endmember with SVDSS or cNMF do not match the true ones. The ones from cNMF do not 
match the measured signatures as SVDSS and give the impression of generating a simplex with higher volume do but 
are still quite different from the true ones. In a way this result is not surprising, as geometric-based endmember 
algorithms (both SVDSS and cNMF belong to this class) search for the corners of the simplex containing the data. 
The extracted endmembers try to do that in a way. There are trying to find a simplex that encloses the measured data 
of minimum volume. The volume of the simplex containing the mixed data is much smaller than the volume spanned 
by the real endmember. In a way, the mixed data is not informative enough to allow us to find the real endmembers. 
The extracted virtual signatures result in endmembers that are not close to the true ones but enclose the actual data.  

This point out to the challenge that the solution extracted by the algorithms are modulated by the assumptions and the 
quality of the data. The simulated data is not “rich” enough to provide information about the true endmembers. In 
terrestrial applications, the data cloud contains significantly more points and it is usually richer in information that 
allows these purely machine driven approaches to work better. 

Our next step, in this work is to study how additional knowledge like partial information about the actual endmembers 
allow us to add additional constraints to the problem that can help data driven approaches to obtain virtual endmembers 
closer to the true ones. 

 

Fig. 3: Computed mixed signatures for each video frame. 

 

 
Fig. 4: Spectro-temporal signature of the rotating multi-material sphere. 
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(a) 

 
(b) 

Fig. 5: Retrieved endmembers using data driven approaches: (a) SVDSS, (b) cNMF. 
 

 
Fig. 6: 3D scatterplot in principal component coordinates for the measured mixed signatures. 

 

4. DISCUSSION  

Endmember extraction algorithms were applied to data generated by a simple simulation model that aims at providing 
data with some of the features in spectro-temporal traces of URSO measured by hyperspectral sensors. We can see 
that data-driven endmember extraction algorithms that work well with terrestrial applications may not be able to 
produce satisfactory results with spectro-temporal signatures of URSO. The spectro-temporal data may not be rich 
enough to provide enough information about the actual endmembers. In the simulation example, we can see that from 
the 3D scatterplot in Fig. 6 where the volume of the mixed pixels data cloud is much smaller than the volume of the 
simplex generated by the true endmembers. Both data driven endmember extraction approaches studied here, try to 
find the minimum volume simplex that encloses all the data cloud. Extracted endmembers follow that assumption but 
are not close to the true ones.  
 
In the future, we will explore how partial endmember information such as that provided by spectral libraries may be 
used to constrain the endmember extraction program to generate more meaningful endmembers.  
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