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ABSTRACT

For a variety of mission-critical objectives in Space Domain Awareness (SDA), it is relevant to maintain estimates over large regions
of state space using highly non-Gaussian distributions. This problem is broadly applicable in initial orbit determination, maneuver
detection, and collision avoidance, and observing targets in this context often necessitates search over the feasible region. Often,
this search process results in a large set of null detections. This paper explores methodologies for utilizing negative information in
this context, with a special focus on the well-known admissible region. Given a Gaussian mixture representation of the admissible
region, a novel methodology for splitting mixands in an arbitrary measurement space is presented. A mixand weight update is
derived for the key scenario in which no detection is made at a measurement epoch. Merging methodologies are applied, and the
resultant Gaussian sum filter is demonstrated for a representative case in which follow-on tracking of a geostationary object is
desired.

1. INTRODUCTION

Whether the goal in consideration is near-Earth asteroid detection, debris mitigation, or collision avoidance, the ability
to quickly make follow-up observations on space objects (SOs) is imperative. Often, these goals are further challenged
by the prescence of underdetermined or uncertain target states. A newly detected SO may not have been fully observed.
A target object may have maneuvered, introducing further uncertainty. If there are collision or operational concerns,
urgency is the most critical component in the process of target recovery. This motivates extension of the sensor tasking
problem to consider search over feasible regions of state space in an optimal manner, recovering targets as quickly as
possible.

Generally, methodologies for driving sensor tasking can be categorized depending on the objective considered. First,
one may wish to maintain existing estimates, informing knowledge on a catalog of SOs. A variety of strategies have
been proposed assuming a priori knowledge on state estimates and uncertainties. Erwin et al apply linear optimization
to form a tasking solution and define useful quantities for interpreting the value of a tasking decision [5]. This work
is extended by Williams et al, using Lyapunov exponents to probe the stability of SO estimates [25]. A variety
of approaches have also taken inspiration from the machine learning literature, with techniques such as stochastic
gradient ascent [23], asynchronous actor-critic methods [18], and Monte Carlo Tree Search [6]. In each of these
methods, the driving goal is determination of an optimal policy for decision making given a large set of candidate
observations.

Alternately, one may wish to generate new state estimates, expanding the set of SOs studied by searching for natural
objects, orbiting satellites, or debris. Wide-ranging techniques for this objective exist in literature. Often, long-
period stares over an optical field are performed, acting as a sweep through orbital parameter space [1]. Striping
methodologies may also be formed in measurement space, and this strategy accomodates optimization [9].

It is also important to note that detections made with optical sensors generally do not fully observe the object state; as
a result of this ”Too Short Arc” problem, an admissible region (AR) [19] of unobservable ranges ρ and range rates ρ̇

may be formed. This admissible region is a two-dimensional manifold of feasible pairs (ρ, ρ̇) that may be projected
into the six-dimensional state space. Note that this region may be uniformly distributed or extended to incorporate
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measurement uncertainty [26]. Gehly et al. leverage the AR methodology in tandem with Finite Set Statistics to
approach the tracking problem, representing the admissible region as a Gaussian mixture to be ingested by a CPHD
filter [11]. Methodologies for generating Gaussian mixture representations of admissible regions are introduced by
Demars and Jah [4]. AR pairs over longer observation intervals may be used for initial orbit determination [10, 22].
These methodologies are not typically used in an online manner, but rather consider large populations of admissible
regions generated from detected tracklets over several observation campaigns.

This literature illustrates the need for follow-up observation to fully observe target states. Tasking in the context of this
objective also becomes critical when considering maneuvering targets. Jaunzemis applies the Dempster-Shafer theory
of evidence to this problem with success [16]. Decision theoretic approaches have also been applied in tandem with
multiple model filters [24]. It is recognized that in either scenario, it becomes challenging to locate a target object,
because the projection of the admissible region or reachable set for a target may become quite large relative to the
sensor field of view.

The problem of exhausting a feasible set has been explored by Hobson [15] and Murphy[20]. Murphy considers the
direct follow-up tasking problem for an admissible region, representing the region as a feasible set that has grown over
time in state space. The area of the admissible region is computed over time using high order Taylor series expansions,
and the idea of minimizing the search set using the divergence of the set as an observational metric is considered.
Simulated annealing in combination with this observational metric is found to achieve some success in minimizing
the search space in a time-optimal manner. This research was extended by Fedeler [7], where further search heuristics
were developed and leveraged in combination with Monte Carlo Tree Search.

The primary goal of this research is development of an efficient estimation scheme to be utilized in tandem with a
prior tasking methodology [7]. Of particular interest is whether the ”spooky effect” is apparent, as demonstrated by
multi-target filters such as the Gaussian mixture Cardinalized Probability Hypothesis Density (CPHD) filter [8]. This
behavior describes the impact of a missed or null detection in one region of measurement space on the probability
hypothesis density arbitrarility far away. A logical extension of this effect, then, is determining how a null detection
in a subset of the projected feasible set may affect knowledge on other regions within that volume.

With this purpose in mind, the following developments are outlined. First, a brief overview of the process for gen-
erating a mixture representation of an admissible region is presented. A mixand weight update is then derived for
null detections. Within this update, the expectation propagation [3] methodology for efficient Gaussian integration is
utilized. A novel methodology for splitting mixands is then outlined; this methodology was developed to ensure that
updates avoid non-Gaussianity. Finally, a merging methodology is introduced to ensure the update process remains
computationally efficient. The resultant filter is then fully outlined and applied to a geostationary follow-up tasking
problem.

2. METHODS

In order to instantiate an estimation scheme, one must first consider how to represent the probability density function
(PDF) over the feasible set within which the target lies. The probability density over this region may be uniform
[19] or non-uniform, as in the case of the probabilistic admissible region [26] or a reachable set generated with
some a priori knowledge on maneuver probability. It is clear that it is illogical for the probability density to be
represented by a univariate Gaussian, and that the density is typically strongly non-Gaussain. Particle representations
may be considered, but these methods suffer from a curse of dimensionality and quickly become computationally
expensive. Thus, the DeMars method [4] for instantiating a Gaussian mixture representation of probablity density for
an admissible region is considered in further detail.

2.1 Gaussian Mixture Approximation for Admissible Regions

Broadly, the AR approximation process may be considered an extension of the problem of approximating a univariate
uniform distribution. This approximation may be solved as a root-finding problem with several constraints on the
structure of mixands. Assuming equal variance σ2, equal weights ω = 1

L for L mixands, and evenly distributed
mixand means µ , an optimization may be performed to determine optimal variances. Specifically, the L2 distance [4]
between the mixture PDF q and a uniform PDF p with support on the closed interval [a,b] is
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The derivative of the L2 distance with respect to standard deviation may then be explicitly or numerically computed
using any optimizer. In this work, the Levenberg-Marquardt algorithm is utilized with support from the Eigen template
library [13].

Successive one-dimensional approximations are appliedo extend this methodology to the two-dimensional problem
of AR approximation. First, consider that at any range within the AR, the marginalized density over range rate is
uniform. However, the range-marginal PDF, computed as the integral over range rate, is generally not uniform. To
account for this, a further optimization may be performed on mixand weights once the univariate uniform distribution
has been approximated over the support of the range-marginal PDF. In order to perform this optimization, M ranges
must be sampled over the support of the range-marginal PDF. One may then compute the i× j likelihood matrix Λ,
where Λ(i, j) is the likelihood range i is drawn from mixand j. The vector ~p is then computed by evaluating the
range-marginal PDF at each sampled range. A least-squares problem may then be formulated as

minJ = ||~p−Λ~ω|| subject to ~ω ≥~0 and~1T ~ω = 1 (3)

where ~ω is the concatenated set of weights.

Finally, taking the mean range at each mixand in the approximated range-marginal PDF, range rate may be incorpo-
rated. Considering range rate as an independent random variable, standard deviation in range rate may be optimized
using the same process. Mixands may be augmented with no correlation between range and range rate uncertainties.
Note that care is taken to determine the number of mixands L to utilize in each case as a function of minimum desired
variance in range and range rate. Further detail on this process may be found in [4]. The resultant mixands, augmented
with the measurement utilized to generate the AR~y with measurement uncertainty R, may then be linearly transformed
into state space.

2.2 Measurement updates in the presence and absence of observations

Given the generated set of mixands, one may now consider how mixands are updated when tasking decisions are made
and measurements are taken. The simpler scenario is that of a newly made detection. Here, a typical measurement
update for a Gaussian sum filter may be performed.

It is important to first note the measurement model utilized in this work. Optical sensors make angular detections on
the celestial sphere, and during long exposures, angular rates may also be determined. Right ascension and declination
measurements are computed as

α = arctan
(

ρy

ρx

)
(4)

δ = arcsin
(

ρz

|ρ|

)
(5)

and

~ρ =~r− ~robs (6)

is the expected relative position in an inertial frame. Since the angular measurements are explicitly a function of ρ ,
one may apply the measurement jacobian H = d~y

d~ρ , where~y = [α δ ], to compute angular rates. Then,
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and the expected relative velocity vector ~̇ρ is easily computed given knowledge of the observer trajectory and the
object state estimate. With angular uncertainty Rθ , angular rate uncertainty is explicitly R

θ̇
= 2R

∆t2 for exposure time
∆t. This is found trivially with the assumption of two angular measurements of uncertainty R at the beginning and end
of an exposure; the expected value of the angular rate may then be determined as

E[~̇y] = ˙̂y =
~y2−~y1

∆t
(10)

and the covariance of this transformed random variable is also trivially computed.

cov(~̇y) = E[(~̇y− ˙̂y)(~̇y− ˙̂y)T ] (11)

=
1

∆t2 E[(~y2−~y1− ŷ2 + ŷ1)(~y2−~y1− ŷ2 + ŷ1)
T ] (12)

=
1

∆t2

(
E[(~y2− ŷ2)(~y2− ŷ2)

T ]+E[(~y1− ŷ1)(~y1− ŷ1)
T ]
)
=

2R
∆t2 . (13)

Given measurement and measurement uncertainty

~y =
[
α δ α̇ δ̇

]T
, R =

[
Rθ 0
0 R

θ̇

]
, (14)

the traditional Gaussian sum filter updates may be performed [2]. In this work, unscented measurement updates are
utilized [17], with likelihood-based weight updates in addition such that

ωi =
ω ′iLi(~y,R)

∑
L
j=1 ω ′jL j(~y,R)

(15)

and

Li(~y,R) =N
(
~y−~h(~xi),HPiHT +R

)
. (16)

Updating the PDF when no detection is made introduces further complexities. First, one must consider the probabiliity
that the target SO lies in a given field of view (FOV) of an optical sensor. If mixand uncertainties are sufficiently small
in range space relative to the range between the mixand and the optical sensor, one may assume that the probability of
detection pD is uniform over the mixand. Then, the cumulative likelihood of observing the target is

P(~y 6= /0) =
∫

FOV
pD(~z)P(~z)d~z. (17)

Applying the mixand representation of the PDF, a distinct probability of detection may be assumed for each mixand,
and

P(~y 6= /0) =
∫

FOV

L

∑
i=1

pD,iωiP(~z|k = i)d~z. (18)
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One must then evaluate the observation likelihood P(~z|k = i) conditioned on mixand i. Note that the transformation
from state space to measurement space is locally linear with the same assumptions on range. Therfore, the mixand
density projected into measurement space is still Gaussian, with

P(~z|k = i)≈N
(
~h(µi) , HPiHT

)
. (19)

It is also clear that the integral is separable, and thus,

P(~y 6= /0) =
L

∑
i=1

(
pD,iωi

∫
FOV

P(~z|k = i)d~z
)
. (20)

To compute the likelihood of observation, one must then evaluate the Gaussian integral in measurement space over
the rectangular FOV. Methods such as Genz integration [12] or expectation propagation [3] may be applied for this
purpose. Given this result, one must now consider how a null detection may affect existing mixands. It is clear that
the probablility a null detection occurs is the complement of Equation 20. Then, one must consider how to apply this
result to knowledge on each mixand. Working from first principles, we may apply Bayes’ rule.

P(~x|k = i,~y = /0) =
P(~y = /0|~x,k = i)P(~x|k = i)

P(~y = /0)
(21)

Immediately, challenges arise when considering the term P(~y = /0|~x,k = i), the probability a null detection is made,
conditioned on the SO state captured by mixand i. Consider the PDF for mixand i in further detail, with the temporary
assumption that the projection of probability density into measurement space is larger in spread than the sensor FOV.
At any point within the support of the projected PDF outside of the FOV, the probability of a null detection must be
unity, since that point cannot be captured during the observation. This leads to a scenario in which a subset of the
mixand is scaled as a function of the probability of detection, while the remainder is unaffected. The structure of this
update is clearly non-Gaussian, and is further illustrated in Figure 1.

Fig. 1: Non-Gaussianity in a negative information update.

This behavior may be broadly categorized into distinct groups. First, the density captured in the field of view can be
relatively small; this commonly occurs when the mixand is either a large normalized distance away from the sensor
FOV in measurement space, or quite large in spread in measurement space as compared to the field of view. In this
case, a null detection’s impact on the PDF is negligible, since the probability P(~y = /0|~x,k = i) is effectively unity.
Alternatively, the probability density may be almost entirely captured by the sensor FOV, in which case the entire
mixand is rescaled and the null detection probability for the given mixand nears zero. The third case, in which the
sensor field of view overlays a significant portion of the mixand, but not the entirity, requires further consideration. To
resolve this case, a splitting method is proposed to reduce the projected spread of mixands in measurement space.
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2.3 Oriented Gaussian splitting
Consider a mixand with mean µ and covariance P in state space S. This mixand may be defined relative to an observer
O with measurement function ~h. Letting the measurement function be differentiable, the local behavior of ~h may
be examined utilizing the gradient. For each scalar measurement, this leads to a tangent that may be normalized
and considered as the direction in state space leading to a maximal change in the associated scalar measurement.
The resultant set of tangent vectors forms the basis of a tangent space of dimension n, where n is the rank of the
measurement Jacobian. Each tangent vector may be explicitly computed as

l̂i =
∂hi
∂~x |

T
µ∣∣∣ ∂hi

∂~x |Tµ
∣∣∣ . (22)

It is desired to split the mixand into a set of mixands with unknown means and equivalent covariance P∗, while enforc-
ing that the combined PDF of the resultant mixands captures the same first and second moment of the original mixand.
Additionally, it is desired that the observer is also taken into consideration, such that the new mixands are perturbed
about the defined measurement bases. Without loss of generality, let the new set contain N = 2m+1 mixands, where
m is the dimension of the measurement space. Let one mixand be placed at the original mean, with another pair of
mixands evenly distanced along the the tangent vector associated with each scalar measurement with distance akP

1
2 ,

where P
1
2 is the matrix square root of the original mixand covariance. Note that this methodology is typical when con-

sidering transformations on Gaussians, exemplified by the work of Havlak and Campbell [14]. The matrix square root
is incorporated to ensure that similar mixand structure is in place, and to enforce positive-definiteness. Additionally,
let each new mixand have equivalent weight ω = 1

2m+1 . The mean of the resultant distribution is then

µTOT =
2m+1

∑
k=1

ωkµk (23)

=
1

2m+1

(
µ +

m

∑
k=1

(
µ +akP

1
2 l̂k
)
+

m

∑
k=1

(
µ−akP

1
2 l̂k
))

= µ. (24)

The covariance of the new distribution must also be determined. For a Gaussian mixture, the total covariance is

PTOT =
N

∑
k=1

ωiPi +
N

∑
k=1

ωi (µi−µTOT )(µi−µTOT )
T . (25)

In this case, then, we find

PTOT =
2m+1

∑
k=1

ωkP∗+
2m+1

∑
k=1

ωk (µk−µ)(µk−µ)T (26)

= P∗+2
M

∑
k=1

1
2m+1

a2
kP

1
2 l̂k l̂T

k P
T
2 = P (27)

With this result, one can determine the updated covariance

P∗ = P−2
m

∑
k=1

1
2m+1

a2
kP

1
2 l̂k l̂T

k P
T
2 . (28)

With this result in mind, it is still important to consider that whether P∗ is positive definite. The key determination
is whether the eigenvalues of P∗ are all positive. It is possible to left and right multiply P∗ by P−

1
2 and maintain the

definiteness of the matrix such that

Pnorm = P−
1
2 P∗P−

T
2 (29)

= I−2
m

∑
k=1

1
2m+1

a2
k l̂k l̂T

k (30)
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Now, any eigenvector for the summation must also be an eigenvector of Pnorm. For each eigenvector~νi, the assoicated
eigenvalue of the summation is λi, and the eigenvalue of Pnorm must be enforced to be strictly greater than zero such
that

λP = 1−λi > 0. (31)

This allows for gains ak to be chosen as a function of the structure of the cumulative outer product of the tangent space.
First, consider the outer product l̂k l̂T

k . Since the tangent vectors are normalized, this matrix is symmetric and positive
semi-definite with a single eigenvalue at unity. This offers an upper bound on the eigenvalues of the summation. If
each tangent vector is collinear, the summation will then have a single nonzero eigenvalue

λ
∗ =

2ma2
k

2m+1
(32)

that must be less than unity. Gains must in general then be no greater than

ak <

√
2m+1

2m
. (33)

Note that these gains may be increased if there is further knowledge of the measurement space. If two unit vectors
are orthogonal, one may infer that the sum of outer products of these vectors has two eigenvalues at unity in addition
to zero eigenvalues. This argument may be expanded, considering the full set of tangent vectors in the space. The
maximum eigenvalue of the summed matrix must be no greater than, assuming gain is held constant,

λ
∗ =

2a2
k

2m+1
(m+1− rank(H)) , (34)

where rank(H) is the rank of the measurement Jacobian, which is equivalent to the rank of the set of tangent vectors.

This result may explicitly be demonstrated for an optical case in which right ascension and declination measurements
are taken. This is the critical case for negative information updates, because projected mixands must be split in angular
space to ensure the update remains Gaussian. For this case, the dimension of the measurement is m = 2. It is also
known that the gradients of right ascension and declination are orthonormal in state space. Therefore, we have

λ
∗ =

2a2
k

5
< 1 (35)

and

ak <

√
5
2

(36)

It is then assured that newly generated mixands continue to have positive definite covariances as splitting occurs. Note
that while this gain is the theoretical maximal bound to ensure positive definite covariances, it is not advisible to use.
As gain nears this quantity, the projected PDF of the split mixands will become drastically small in the eigendirection
associated with the eigenvalues nearing zero. This behavior is visualized in Figure 2, where the PDF is presented for
a mixand before a split, with a split using small gains, and a split with gains nearing the theoretical maximum. With
this projection, it is most clear that mixand uncertainties become quite small in the α̂ direction, and they also become
quite small in the δ̂ direction (that is largely out of the plane). More specifically, as the gain approaches the theoretic
maximum, the projections of uncertainties into measurement space collapse into discrete points. This behavior is
demonstrated in Figure 3.

Understanding this behavior helps visualize a trade in gain selection. Increased gain ensures a reduction in spread for
the mixands utilized, but also increases relative entropy between the original mixand and resultant mixand. Care must
be taken to allow new mixands to become as small as needed while maintaining a distribution sufficiently close to the
original.
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(a) Original mixand. Measurement tangent vectors
α̂ and δ̂ are also displayed.

(b) Mixands split with gain a = 1.0. Density is ap-
proximately equal to a).

(c) Mixands split with gain a =
√

5
2 . The first and

second moments match those of a), but relative en-
tropy is much higher.

Fig. 2: Mixand density in X-Y space before and after splitting.

2.4 Updating Gaussians

With a formulation for splitting Gaussians such that they will be sufficiently small in measurement space in place, a
criterion for determining whether a mixand shall be split must be established. It is logical to incorporate some measure
of offset from the center of the sensor FOV in measurement space and the comparative spread of uncertainty to the
sensor FOV. A critical Mahalanobis distance may be defined, such that a mixand shall only be split if

DM(µi,Pi;O)< d∗. (37)

Additionally, the angular spread may be defined as the square root of the maximal diagonal value of the projected
covariance trace

s =
√

max(HPHT )> s∗. (38)

This may be compared with a critical value that is a function of the diagonal field of view of the sensor.

Once mixands are rescaled such that they are either sufficiently distant in measurement space from the sensor FOV or
of comparable size to the sensor FOV, the negative information update may be considered in further detail. Revisiting
Equation 21, the problematic term P(~y = /0|~x,k = i) may now be considered approximately discrete in that the mixand
is either fully covered by the sensor FOV or is sufficiently far from the sensor. As such, it is now logical to consider
Equation 21 as a weight update on each mixand in much the same manner as a particle filter, using the intermediate
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(a) Original mixand projected into measurement
space.

(b) Mixands split with gain a = 1.0 in measurement
space.

(c) Mixands split with gain a ≈
√

5
2 . Mixands are

reduced into discrete points.

Fig. 3: Mixand density in measurement space before and after splitting.

density

g(~y|k = i) =
P(~y = /0|~x,k = i)

P(~y = /0)
(39)

=
P(~y = /0|~x,k = i)

∑
L
j=1 P(~y = /0|~x,k = j)

. (40)

The denominator can simply be considered a normalization, while the numerator may be approximately evaluated as

P(~y = /0|~x,k = i)≈

{
1 i /∈ FOV
1− pD i ∈ FOV

(41)

Note that it is still useful to explicitly compute the Gaussian integrals over the FOV because of the stopping criterion
on splitting; these results may be scaled by the tail probabilities computed.

2.5 Merging and Filter Outline

With the filter update fully expressed, one now must ensure there is no hypothesis explosion in mixands so that the
filter remains computationally efficient. With a goal of minimizing Kullbeck-Liebler divergence during the merging
process, the well-known Runnall’s method is utilized [21]. A discrimination bound,

B(i, j) =
1
2
[(ωi +ω j) log |Pi j|−ωi log |Pi|−ω j|Pj|] , (42)
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may be iteratively computed with the merged covariance for mixands i and j Pi j. Merging is iteratively performed
until a threshold maxima of mixands is reached. Pruning may also be applied if weights are sufficiently small, but care
must be taken to ensure that this does not disregard mixands split during the negative information update. With this
methodology in place, the full filter is outlined in Figure 4.

Fig. 4: Gaussian Sum Filter diagram. Major contribution highlighted in blue.

3. RESULTS

The methodology is now presented for a case in which a prior detection is made and follow-up observation is desired.
The object tracked has the true initial state (in kilometers and kilometers per second)

~x =
[
−27100 −32300 −100 2.36 −1.98 0

]
(43)

in the Earth-centered inertial (ECI) frame. An observation is made by an observer at the initial ECI position (in
kilometers)

~o =
[
517.859 −5281.538 3526.190

]
. (44)

An admissible region is then formed from knowledge of observer state and the attributable vector (in radians and
radians per second) as

~y =
[
α δ α̇ δ̇

]
=
[
−2.36716 −0.093581 7.30762e−05 −1.53752e−09

]
. (45)

To constrain the admissible region, several assumptions are made on feasible orbits. First, the assumption is made
that the target SO is on an ecliptic trajectory following two body dynamics, with energy less than 0. Next, a maximal
eccentricity of 0.3 is applied. Finally a minimum radius of periapsis of 6500 km is assumed. The admissible region
is approximated using a mixture representation. The resultant admissible region is visualized in Figure 5. Here, the
feasible set is presented in the range-range rate halfplane; note that this is the unobservable subspace over which the
admissible region is determined. The admissible region is then propagated forward in time until the next possible
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Fig. 5: The initial admissible region in the range range-rate halfplane.

observation period, assumed to be 2 hours. The propagated admissible region is then visualized in measurement space
in Figure 6.

Fig. 6: The initial admissible region propagated and projected into measurement space.

Several characteristics may be noted from these figures. First, probability density is uniform over the unobservable
subspace, as no information is available on the SO range or range rate. Therefore, each feasible range and range rate
pair has equal probability. However, this is not true when this feasible set is projected into another space. One may
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consider that the admissible region initially manifests as a point in measurement space, where it was fully observed.
As the admissible region is propagated over time, the feasible region then grows in measurement space through a
combination of dynamical uncertainty and rotation of the field of view of the observer, allowing the state to eventually
become fully observable. Because different subsets of the admissible region grow at different rates, and because
the projection of the admissble region into measurement space may still be concentrated around the mean angular
rates over the set, the projection is decidedly not uniform in measurement space. Figure 6 demonstrates this fact,
and this behavior is important to note when considering searching for the SO over the region. A successful tasking
methodology captures two objectives in approaching this goal. First, it is critical to consider what regions of the
feasible set are growing quickly in measurement space so that it is possible to exhaust the admissible region over time.
Second, it is critical to search over subregions with high probability density to maximize probability of detection.

The methodology of Fedeler et al. [7] attempts to accomodate these objectives, and is utilized in this demonstration
to generate a tasking solution. Observations are taken at a 15 second cadence until the search region is exhausted;
the first follow-up observation is performed two hours after the initial dection. The admissible region, with initial
area in measurement space of approximately 7 deg2, is exhausted with a sequence of 66 observations, using a sensor
with a square field of view of 0.25 deg2. Note that this region is growing quickly in measurement space, and at the
time of the 66th observation, the projected admissible region has an area of approximately 12 deg2. Over the course
of this tasking solution, a single observation is made at timestep t15 = 7410 s, when the observer is pointing at the
angular coordinates α =−1.82939 rad, δ =−0.093562 rad. In each other case, no detection is made, and the negative
information is processed. Figure 7 visualizes the effects of processing negative information 7 observations into the
tasking scenario. Note that probabiliity density the observed region of measurement space has been greatly reduced.

Fig. 7: The admissible region projected into measurement space after 7 null detections.

In the figure, the most recent observation is represented by a shaded rectangle, and the true state, at α =−1.8346 rad
and δ = −0.09318 rad, is marked by a plus sign. Note that previous observations have greatly reduced probability
density in other areas of the projection, most visibly in the region from α =−1.87 to −1.85 radians and δ =−0.1 to
−0.09 radians. Because of these reductions, unobserved subsets of the projected admissible region are now compara-
tively more likely. Indeed, the density at the true state is approximately 10 percent higher than prior to the processing
of any negative information. This result is quite comparable in essence to the spooky effect described by Franken
et al [8]. The negative information in this case describes missed detections on a subset of mixands in the ensemble,
increasing the likelihood that each other mixand is ”truth” and may be associated with the true state.

Copyright © 2021 Advanced Maui Optical and Space Surveillance Technologies Conference (AMOS) – www.amostech.com 



Fig. 8: The admissible region projected into measurement space after a follow up detection is made. Uncertainty in
angular space is equivalent to measurement uncertainty.

It is also important to consider the behavior of the filter when a measurement is received. Figure 8 demonstrates the
reduction of the mixture when this occurs at time t15. Here, the projected area of the mixture is now reduced to that
of measurement uncertainty, assumed to be on the order of 5 arcseconds in this simulation. After this observation is
made, there is negligible effect on the state estimate through further processing of negative information, but this is still
critical to do in real scenarios, when the likelihood of false alarm measurements is non-negligible. Finally, Figures 9
and 10 visualize estimation error over the course of the simulation. Note that the estimation error remains within the
covariance bounds throughout the simulation, and is greatly reduced when the follow-up observation is received.
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Fig. 9: Positional estimation error over the course of the simulated observation campaign.

Fig. 10: Velocity estimation error over the course of the simulated observation campaign.

The covariance bounds are a bit conservative in this context because of the time between observations. Interestingly,
the full state is only weakly observable, and there is still significant uncertainty in the sensor line of sight direction
after the measurement, on the order of 2000 km 3−σ . However, uncertainty is sufficiently reduced such that only
a small number of mixands are needed to sufficiently represent probability density after the measurement. There is
little impact on the processing of negative information on estimation error, but this is as expected. Before a detection
is made, the pdf is still quite large in state space. While some mixands are eliminated through processing negative
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information, the ensemble mean is not very useful for such a large pdf; in this case, it just happens to occur that the
original mean is somewhat close to the true state. It would be interesting to determine whether the ensemble mean
becomes more useful in cases where most of the feasible region is exhausted before a follow-up detection is made.

4. CONCLUSION

Methodologies for utilizing negative information have been developed and discussed. As a primary contribution, a
methodology for splitting mixands in an arbitrary measurement space is presented. While the logical focus for this
methodology in this paper is the context of optical observations, this methodology could also be extended to consider
radar measurements and a variety of alternative observational techniques. The key use case for the developed work
is any situation in which the spread of the projected state estimate exceeds the sensor field of regard in measurement
space.

Theoretic bounds on the size of splits are outlined. It is noted that further perturbation along measurement axes comes
with an increase in Kullbeck-Liebler divergence from the original mixture. Future work may aim to formally pose this
splitting methodology as a multi-objective optimization, in which Kullbeck-Liebler divergence is minimized with an
additional cost objective comparing the spread of resultant mixands to a target value (for example, a sensor FOV).

This splitting methodology is utilized to ensure that the weight update remains Gaussian. Here, it is important to
consider that particle representations of the state estimate may also be utilized, with likelihood updates on particles
within a sensor FOV when no detection is made. The Gaussian mixture representation may be considered advantageous
in this context for several reasons, though. First, it allows for a smooth representation of probability density over the
support of the state estimate. This is quite useful in regions of measurement space where particles may be quite sparse.
Additionally, there are computational advantages to utilizing Gaussian mixture representations, in that a large set of
particles need not be sampled; this is especially critical when particles are sampled from a high-dimensional state
space. In the context of admissible regions, this is not the case, but a curse of dimensionality becomes rather important
when considering search over reachable sets in Cartesian position-velocity space.

Finally, the methodology is presented for a geostationary follow-up tasking case. Results demonstrate advantages in
utilization of negative information before follow-up detections are made. Extensions of these results will be made
considering a variety of target orbits, utilization of more interesting dynamics, and follow-up tracking of maneuvering
objects.
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