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ABSTRACT

This paper explores the concept of consensus between implicitly updated decentralized probability distribution func-
tions (PDFs). A prior PDF tied to an angles-only optical observation of a space object is formed using a probabilistic
method of admissible regions. This PDF is then implicitly updated at a time of three decentralized radar measurements
using a closed-form solution derived from conservation equations. The implicit update produces three independent bi-
modal PDFs where one mode is eliminated based on the sensor field of view. We then apply a Gaussian Mixture Model
(GMM) to the second non-Gaussian mode of each PDF and study information divergence between the components
of PDF’s GMM representation. Specifically, the Burbea-Rao and Bhattacharyya centroids are utilized to understand
difference in distributions as well as perform a fusion step between GMM components to produce a new mean and
covariance. In verifying the statistical distances from selection of GMM components establishes a consensus approach
to obtain distributions closer to truth state.

1. INTRODUCTION

Space Traffic Management (STM) is the planning and coordination of activities that enhance sustainability of oper-
ations in the space environment while Space Situational Awareness (SSA) is the knowledge and characterization of
space objects and their operational environment to support safe, stable, and sustainable space activities [5]. Important
features of a worldwide STM construct must include data provenance, immutability, and attribution that support estab-
lished norms of spacecraft behavior. Accordingly, consensus between decentralized sources of SSA data is an integral
part of corroborating or contesting such norms of behavior.

In this paper we explore consensus between implicitly updated decentralized probability distribution functions (PDFs).
We specifically use a Probabilisitic Admissible Region (PAR) method and an angles-only optical measurement at an
initial time to build a prior PDF as in [13]. For brevity, the PAR equations are not repeated in this paper. We then
implicitly update the prior PDF at the time of a second radar measurement using a Newton-Raphson iteration on a
closed-form solution formed derived from the conservation of energy and angular momentum equations. That is, the
prior PDF at the time of the first measurement is not updated through the traditional Chapman-Kolmogorov equation
but instead through a root-finding scheme that produces conserved orbit solutions that link the original PDF with a
second radar measurement.

In adopting this process, we need to form initial guesses for possible optical measurements at the time of the second
radar measurement update to complete an attributable vector that can be mapped to position and velocity coordinates.
Applying this root-finding scheme ends up producing optimal solutions that conserve energy and angular momen-
tum linked to the prior PDF. We adopt this approach with three different decentralized radar sensors with various
measurement noise characteristics in order to set up the consensus problem.

Since PARs are built with a single angles-only measurement, the distributions they produce are highly non-Gaussian
in nature. Thus, we leverage MATLAB’s Gaussian Mixture Model (GMM) and clustering algorithms to fit multiple
Gaussians to the implicitly updated PDFs. We then shift our focus on studying the similarity between the components
of these posterior non-gaussian PDFs and explore an unorthodox, non-Bayesian step to fuse them together. Specif-
ically, we first leverage information divergence metrics such as Burbea-Rao and Bhattacharrya distance measures to
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explicitly determine if there is consensus between the decentralized GMM components of each posterior PDF and then
we use centroid calculations to produce a fused mean and covariance. From these centroid calculations the statistical
distances are used again to show initial correlation between closeness to the truth and minimal group distances to the
centroids. Thus we have demonstrated optimization methods to both implicitly update a prior PDF using conservations
equations and three decentralized sensors and fused the results using statistical centroid methods.

2. ANGULAR MOMENTUM AND ENERGY SOLUTION SPACE

Given an attributable vector, [ρ1, ρ̇1, α1, α̇1, δ1, δ̇1], associated to a PAR particle at the time of an initial optical
measurement, [α1, δ1], this section looks at the utilization of the Newton-Raphson method in order to implicitly update
the vector using the energy and angular momentum conservation. Thus, we are able to find solutions containing a given
subsequent radar measurement, [ρ2, ρ̇2], to find the right ascension α2 and declination δ2 along with the respective
rates α̇2 and δ̇2 to build an implicitly updated attributable vector [ρ2, ρ̇2, α2, α̇2, δ2, δ̇2]. Eqs. (1) and (2) provide the
equations for the angular momentum vector as functions of range and range-rate, then in terms of the right ascension
and declination rates.

h(ρ, ρ̇) = h1ρ̇ +h2ρ
2 +h3ρ +h4 (1)

h(α̇, δ̇ ) = γ1α̇ + γ2δ̇ + γ3 (2)

Now Eqs. (3) through (6) provide the functions utilized in Eq. (1). The o vector is the inertial position of the sensor
and ȯ is the interial velocity.

h1 = o×uρ (3)

h2 = uρ × (α̇ cos(δ )uα + δ̇uδ ) (4)

h3 = uρ × ȯ+o× (α̇ cos(δ )uα + δ̇uδ ) (5)

h4 = o× ȯ (6)

Similarly, Eqs. (7) through (8) provide the functions utilized in Eq. (2).

γ1 = ρr×uα cos(δ ) (7)

γ2 = ρr×uδ (8)

γ3 = r× ȯ+ ρ̇o×uρ (9)

The unit vectors uρ , uα , uδ are functions of the right ascension and declination angles.

uρ =
[
cosα cosδ sinα cosδ sinδ

]T (10)

uα =
[
−sinα cosα 0

]T (11)

uα =
[
−cosα sinδ −sinα sinδ cosδ

]T (12)

Similar to the angular momentum derivation, the energy equations derived in terms of the measurements. Where the
first equation is a function of range and range-rate, while the other version is in terms of the right ascension and
declination rates.

ε(ρ, ρ̇) = ρ̇
2 +ω1ρ̇

2 +ω2ρ
2 +ω3ρ +ω4−

2µ√
ρ2 +ω5 +ω0 +

u
amax

(13)

ε(α̇, δ̇ ) = z1α̇
2 + z2δ̇

2 +2z3α̇ +2z4δ̇ + z5− u
amax

(14)

The associated variables for both of the energy equations are shown below:

ω0 = |o|2; ω1 = 2(ȯ2 ·uρ) (15)
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ω2 = α̇
2 cos2

δ + δ̇
2; ω3 = 2α̇ cosδ (ȯ ·uα)+2δ̇ (ȯ ·uδ ) (16)

ω4 = |ȯ|2; ω5 = 2(o2 ·uρ) (17)

z1 = ρ
2 cos2

δ/2; z2 = ρ
2/2 (18)

z3 = (ρ ṙ ·uα)cosδ/2; z4 = (ρ ṙ ·uδ )/2 (19)

z5 =
1
2

(
ρ̇

2 +ω1ρ̇ +ω4−
2µ√

ρ2 +ω5ρ +ω0

)
(20)

Given a set of asynchronous optical and radar measurements, the Newton-Rapshon optimization then simply sets
the angular momentum and energy equations equal to each other and solve for the remaining variable to maintain a
conserved orbit solution. Specifically, we set h(ρ2, ρ̇2) = h(α̇1, δ̇1). Similarly, the energy equation provides ε(ρ2, ρ̇2)
= ε(α̇1, δ̇1). Accordingly, Eqs. (21) and (22) show the conservation of angular momentum and energy in terms of
asynchronous measurements.

h1ρ̇ +h2ρ
2 +h3ρ +h4

−γ1α̇− γ2δ̇ − γ3 = 0
(21)

ρ̇
2 +ω1ρ̇

2 +ω2ρ
2 +ω3ρ +ω4−

2µ√
ρ2 +ω5ρ +ω0

−z1α̇
2− z2δ̇

2−2z3α̇−2z4δ̇ − z5 = 0
(22)

3. CONVEXITY WITH INFORMATION DIVERGENCE

Information divergence techniques focus on the measure of distances between two PDFs. There are various types of
distances including but not limited to Kullback-Leibler, Rényi or the α-divergence, Bhattacharyya and Burbea-Rao
([1], [4], [3], and [11]). These are widely used in the field of image processing and portions of machine learning. In
our application, the information divergence metric plays a role in determining the difference between the prior and
implicitly updated PDFs. However, since these PDFs are non-Gaussian in nature, we take the step to utilize Gaussian
Mixture Models in order to study the distributions on a component level. This is based on the convexity property which
is shown from the Bregmann divergence as in [7], which the type of minimization problem was posed in [2] by Amari
for the α-divergence. Specifically, we leverage the MATLAB fitgmdist and cluster sub-routines to fit a Gaussian
Mixture Model (GMM) to the implicitly updated PDF. This enables us to explore the convexity of two particular
information divergences, the Burbea-Rao and Bhattacharyya divergences, which both require Gaussian PDFs (i.e.
mean and covariance) as input. As a result, we are able to explicitly measure consensus between PDFs by minimizing
the distance between the three decentralized set of implicitly updated PDFs. Once consensus is determined, we
employed a centroid calculation to obtain a fused Gaussian representation of adjacent GMM components from the
three decentralized implicitly updated PDFs. This is further explored by analyzing some the sensitivities as for the
resulting distribution and utilizing various GMM component combinations towards centroid representation.

3.1 Burbea-Rao Centroid

The first information distance metric we studied for this paper is called the Bregmann divergence BF(p,q) where p and
q are distributions represented by N(µp,Σp) and N(µq,Σq), respectively. The utilization of the Bregmann divergance
helps in providing an equivalent expression to assemble the Burbea-Rao divergence. This allows us to portray the
Burbea-Rao divergence with convex properties. Eq. (23) provides an expression F(x) that is strictly convex and
differentiable.

BF(x, p) = F(x)−F(p)−〈x− p,∇F(p)〉 (23)

Nielsen proposes the barycenter technique in finding the minimzation of the information-theoretic distances between
various distributions. Eq. (24) provides the optimization. The d(x, pi) represents the divergence measure to be used
without the loss of generality.
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(OPT ) : min
x

n

∑
i=1

wid(x, pi) (24)

Burbea-Rao divergence is described in the form provided by Eq. (25), such that it is formulated with the function
F(•), which is convex.

BRF(p,q) =
F(p)+F(q)

2
−F

(
p+q

2

)
≥ 0 (25)

To obtain the centroid of the Burbea-Rao divergence the divergence equation requires further generalizations, where
Nielsen introduces a positive weight α ∈ (0,1)

BRα
F (p,q) = αF(p)+(1−α)F(q)−F(α +(1−α)q) (26)

Therefore, by applying Eq. (24) to the generalized form of the Burbea-Rao divergence in Eq. (26), the centroid or the
minimum distance to a particular point is described by the following equation:

(OPT ) : c = argmin
x

n

∑
i=1

wiBR(αi)
F (x, pi) (27)

Eq. (27) can be re-written with the energy function presented in Eq. (28) where it is specifically decomposed into a
sum of convex (∑n

i=1 wiαi)F(c) and concave portions −∑
n
i=1 wiF(αic+(1−αi)pi).

E(c) =

(
n

∑
i=1

wiαi

)
F(c)−

n

∑
i=1

wiF (αic+(1−αi)pi) (28)

A popular method to solve this convex-concave optimization problem is the Convex-ConCave Procedure or CCCP as
described in [12]. An initial position for the centroid c0 is chosen and then iterated to converge to a centroid location.
A possible starting point is c0 = ∑

n
i=1 wi pi. The CCCP method for this centroid utilizes the following set of equations

(29) and (30). Where Eq. (30) provides the next point of iteration ct+1.

∇F(ct+1) =
1

∑
n
i=1 wiαi

n

∑
i=1

wiαi∇F (αict +(1−αi)pi) (29)

ct+1 = ∇F−1

(
1

∑
n
i=1 wiαi

n

∑
i=1

wiαi∇F (αict +(1−αi)pi)

)
(30)

The process to develop both the distance measure and centroid requires a definition for F(•) and ∇F(•). From the
definitions provided in [12] and [10] the mean λv = µ and covariance λM = Σ are translated into new definitions θv
and θM . Then, θ = (θv,θM) is utilized to form the convex function Fθ (θ). Finally, the distance measure is then based
on the well known Eq. (31) for a multivariate normal distribution (MVN) with λ := (λv,λM).

pλ (x;λ ) :=
1

(2π)d/2
√
|λM|

exp
(
−1

2
(x−λv)

T
λ
−1
M (x−λv)

)
(31)

In the canonical form of the exponential family of equations, the probability density in Eq. (31) is defined with Fθ (θ)
as follows:

pθ (x;θ) := exp(〈t(x),θ〉−Fθ (θ)) = pλ (x;λ (θ)) (32)

where Eq. (33) shows the definition utilized in Eq. (32). Furthermore (34) provides the inverse definition
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θ = (θv,θM) =

(
Σ
−1

µ,−1
2

Σ
−1
)

(33)

θ(λ ) = (λ−1
v λv,−

1
2

λ
−1
M ) (34)

Now Fθ (θ) is defined as:

Fθ (θ) =
1
2

(
d logπ− log |θM|+

1
2

θ
T
v θ
−1
M θv

)
(35)

Taking the gradient of the convex function ∇Fθ (θ) yields the following definition η = (ηv,ηM).

∇Fθ (θ) = η = (ηv,ηM) (36)

where
ηv = λv = µ (37)

ηM =−λM−λvλ
T
v =−Σ−µµ

T (38)

Eqs. (37) and (38) provide a definition in the MVN format in order to perform the computations for each iteration
within the CCCP. Algorithm 1 provides the formulation of the CCCP utilizing the definitions from [6].

Now we have an algorithm that enables us to address the posed consensus optimization problem where we explicitly
compute the information distance between two or more decentralized sources of information. The algorithm also
enabled us to utilize sensor weights to represent the performance of a sensor. However, for this study we kept the
weight at unity and controlled the sensor performance through different values of measurement noise.
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3.2 Bhattacharyya Centroid

From [7] Nielsen provides a description of the Bhattacharyya distances or divergences as part of the Burbea-Rao
divergence presented in the previous subsection. The algorithm used for the Bhattacharyya centroid is shown in the
previous subsection as well. For arbitrary probability distributions in Eqs. (32) and (31) the overlap is measured
using the Bhattacharyya coefficient as seen in [7] and shown in Eq. (40). This coefficient ranges from 0 and 1,
0≤C(p,q)≤ 1.

C(p,q) =
∫ √

p(x)q(x) (39)

The Bhattacharyya measure utilizes
√

p(x) and
√

q(x) as unit vectors and employs a dot product to obtain the cosine
of the angle between them. The distance measure is obtained by taking the negative natural logarithm as shown below.

B(p,q) =− lnC(p,q) (40)

Nielsen considers the generalization of the Bhattacharyya coefficients and divergences as Chernoff divergences by Bα .
Eq. (41) below links the Bhattacharyya definition and the Chernoff coefficient

∫
x pα(x)q1−α(x)dx.

Bα(p,q) =− ln
∫

x
pα(x)q1−α(x)dx =− lnCα(p,q) (41)

Now applying the probability distributions in Eqs. (32) and (31) yields a weighted asymmetric Brubea-Rao divergence
or in short the Burbea-Rao divergence.

Bα(pF(x;θp, pF(x;θθq)) (42)

where,
BR(α)

F (θp,θq) = αF(θp +(1−α)F(θq)−F(αθp +(1−α)θq) (43)

From these formulations the Bhattacharyya/Burbea-Rao distance between arbitrary distributions p and q is provided
in Eq. (44).

BRF(λp,λq) =
1
8
(µp−µq)

T
(

Σp +Σq

2

)−1

(µp−µq)

+
1
2

ln
det Σp+Σq

2√detΣp detΣq

(44)

To compute the Bhattacharyya centroid, Nielsen utilizes Eq. (44) in order to produce an energy equation to be opti-
mized L(c) such that Eq. (45) is the sum over the distances between the centroid and the arbitrary set of distributions
i = 1, ...,n.

L(c) =
n

∑
i=1

1
8
(µc−µi)

T
(

Σc +Σi

2

)−1

(µc−µi)

+
1
2

log
det Σc+Σi

2√
detΣc detΣi

(45)

Computing the the Bhattacharyya distance in direct form requires developing the matrix differential to Eq. (45) with
respect to µc in order to start minimizing the function. This computation is represented by Eq. (46).

∂L
∂ µc

=
n

∑
i=1

[
Ui +UT

i
]
[µc−µi] (46)
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where,

Ui = (Σc +Σi)
−1 (47)

In order to estimate the centroid µc(t) an iterative approach is executed such that one can take Eq. (46) to provide the
subsequent point µc(t+1) . Eq. (48) provides the update for the mean µc(t+1) .

µc(t+1) =

[
n

∑
i=1

[Ui +UT
i ]

]−1[ n

∑
i=1

[Ui +UT
i ]µi

]
(48)

Next, matrix differentials in Eq. (49) with respect to Σc are utilized to compute the centroid covariance Σc(t+1) .

∂L
∂Σc

=
n

∑
i=1
−UT

i (µc−µi)(µc−µi)
TUT

i

+2
n

∑
i=1

UT
i −

n

∑
i=1

Σ
−T
c

(49)

Since for this process Σc is symmetric, an easier estimation is applied as follows.

dL
dΣc

=
∂L
∂Σc

+

(
∂L
∂Σc

)T

−diag
(

∂L
∂Σc

)
(50)

Finally, the A matrix is formed in Eq. (51):

A =
n

∑
i=1

2UT
i −UT

i (µc−µi)(µc−µi)
TUT

i (51)

Since Σc is symmetric
B = A+AT −diag(A) (52)

we can solve for the updated iteration step for Σc+t as follows:

Σ
t+1
c = 2n

[
(B(t))+diag(B(t))

]−1
(53)

3.3 Weighted Sided Gaussian KLD-Centroids

This section approaches another set of centroids provided by Schnitzer et al. [9], which provides information theoretic
centroids based on the Kullback-Leibler divergence (KLD or KL). The optimization problems are posed in a similar
manner to the Bhattacharyya and Burbea-Rao centroids. Eqs. (54) to (56) provide the minimization of the divergences
(left-sided, right-sided and symmetric) upon the selection of the multiple distributions.

cL = argmin
c

1
n

n

∑
i=1

D(c||xi) (54)

cR = argmin
c

1
n

n

∑
i=1

D(xi||c) (55)

cS = argmin
c

1
n

n

∑
i=1

D(xi||c)+D(c||xi)

2
(56)

The λi in the equations below is a weighted term, where the sum is equal to 1 (∑n
i=1 λi = 1). The set of algorithms

become dependent on the number of distributions. Hence, for each sided and symmetric centroid is based on the
weight and the sum for the means and covariances. Equation (57) and (58) represent the righ-sided KL centroid.
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µcR =
n

∑
i=1

λiµi (57)

ΣcR =
n

∑
i=1

λi
(
µi×µ

T
i +Σi

)
−µcR ×µ

T
cR

(58)

The procedure for the left-sided centroid is slightly different, such that the ΣcL is needed first in order to compute the
left-sided mean centroid. Eqs. (59) and (60) provide the centroid equations.

µcL = ΣcL ×
n

∑
i=1

λi
(
Σ− i−1×µi

)
(59)

ΣcL =

(
n

∑
i=1

λiΣ
−1
i

)−1

(60)

The symmetric equations rely on the right-sided and left-sided centroids from the previous equations. The resultant
equations are shown in (61) and (62).

µcS =
1
2
(µcL +µcR) (61)

ΣcS =
1
2

n

∑
i={L.R}

(µci ×µ
T
ci
+Σci)−µcS ×µ

T
cS

(62)

Practically speaking, the method from Schnitzer et al. is convenient because it does not rely on convergence, but rather
is dependent on the set of distributions to analyze. This paper utilizes these methods in order to further understand the
consensus or closeness between multiple decentralized implicitly updated PDFs. It it important to note that Nielsen
also provides similar definitions in [8]. However, the right and left side definitions are different due to the notation
used between the two authors.

4. SENSOR UPDATE AND INFORMATION DIVERGENCE CENTROID RESULTS

This work utilizes the observations made from site Toodyay as shown in Table 1 and the update is provided by the
Otago, Maui and Moorook sites. The latitude longitude and altitude are shown in the 1, where Toodyay’s notation S1
represents measurements taken at t1. While, the sites that provide update S2, provide an update 30 minutes later at t2.
From these sites, the set of solutions obtained from angular momentum and energy provides three major distributions
as shown in the left plot of Fig. 1.

Table 1: List of sites for the sensor updates. Site, latitude, longitude and altitude
Sensor Site Lat. Long. (deg) Alt. (m)
S1 Toodyay −31.52384◦, 116.3362◦ 263.9

S2 Otago 20.454◦, 124.5545◦ 250
S2 Maui −45.87456◦, 170.503388◦ 150

S2 Moorook −34.269178◦, 140.341894◦ 35.2

This paper does not focus on the ambiguity issues developed from the solution space, where typically one would see
two major set of distributions per site update from conservation equations. The distribution at the center of this analysis
contains the truth, such that the vacant distribution is intuitively ruled out due to the motion of the object. Where, Fig.
1 depicts the positions of the particles and the division to the GMM composed of 6 sub-clusters for the distribution
mode containing the truth state. The number of GMM clusters has no particular rule, where this number provides a
good starting point to investigate the information divergence metrics on centroids.
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Table 2 provides the input values for simulations, depicting the state for each site and the uncertainties associated with
each site σα ,σδ for optical and σρ , σρ̇ for radar measurements. The set of simulations was done using 5,000 particles,
for which only about half remained within the major cluster associated with the truth.

Table 2: Input Values for the simulation: Site Position,Velocities and Uncertainties
Input Value

S1 (km) [x,y,z]′ [−5058,2024,−3306]′

S1 (km/s) [vx,vy,vz]
′ [−0.1476,−0.3683,0.0002834]′

S1 (arc-sec) [σα ,σδ ]
′ [2.0,2.0]′

S2 (Otago) (km) [x,y,z]′ [−3775,−2368,−4548]′

S2 (Otago) (km/s) [vx,vy,vz]
′ [0.1727,−0.2746,0.0003346]′

S2 (Otago) (m,cm/s) [σρ ,σρ̇ ]
′ [30,3.0]′

S2 (Maui) (km) [x,y,z]′ [−2486,−5420,−2255]′

S2 (Maui) (km/s) [vx,vy,vz]
′ [0.3953,−0.1816,0.0007643]′

S2 (Maui) (m,cm/s) [σρ ,σρ̇ ]
′ [60,6.0]′

S2 (Moor.) (km) [x,y,z]′ [−5280,−184,−3561]′

S2 (Moor.) (km/s) [vx,vy,vz]
′ [0.01342,−0.3845,0.00002738]′

S2(Moor.) (m,cm/s) [σρ ,σρ̇ ]
′ [30,3.0]′

Fig. 1: Otago, Maui and Moorook Position distributions to 6 Gaussian Mixture Models

Each site update provides 6 sub-clusters to analyze and apply the divergence centroids. A first analysis is conducted
along the numbered sub-clusters in an ascending order fashion. Fig. 2 depicts the selection of a sub-cluster no. 4
from Fig. 1, where each of the site updates distributions to compute the information divergence centroids. Fig. 3
depicts the computations for sub-cluster no. 5. From these results the centroid distributions carry more information
from the fusion of GMMs distributions than with information divergence. In Fig. 2 and Fig. 3, the sensitivity due
to each divergence metric is shown, where the Burbea-Rao and Bhattacharyya are seemingly less sensitive than most
of the Kullback-Leibler right-sided and symmetrical divergences. It is important to note that the Burbea-Rao and
the Kullback-Leibler left-sided divergence depict the same mean centroid and covariance. From the set of centroid
distributions, the sensitivity varies across the different metrics. The set mean centroid appears to be within the same
vicinity and relevant to the GMMs distributions.
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Fig. 2: Sub-cluster No. 4 shown with divergence centroids placed on top of the particles. Noting the computed centroid
distribution for each metric and its center denoted by the colored diamonds.

Fig. 3 depicts the sensitivity due to the non-linear behavior of the distribution. The Burbea-Rao and Kullback-Leibler
divergence portray a smaller covariance ellipse relative to the other metrics. Fig. 4 depicts this characteristic of
sensitivity, where the result is relatively smaller distributions.

Fig. 3: Sub-cluster No. 5 shown with divergence centroids placed on top of the particles. Noting the computed centroid
distribution for each metric and its center denoted by the colored diamonds. The Brubea-Rao centroid distribution
overlaps the KL-Left-Sided.

In Fig. 4 shows that over the set of clusters, the Burbea-Rao and KL-left sided distribution provides a relatively more
symmetrical covariance than other metrics across the set of clusters. The symmetrical characteristic may provide
further insight into the sensitivity due to non-linearity. Such that Burbea-Rao and KL-left sided centroid distributions
are useful to identify overlapping regions from the contributing distributions.

The utility of the metrics becomes useful when determining the sub-clusters that reside closest to the truth it becomes
useful to create centroid distributions in a non-sequential order, which allows the identification of an intersection
between the distributions. We analyze various sample groups from the sub-clusters and measure the closeness of the
grouping using the Bhattacharyya distance, which presents a method in measuring consensus between sources.

For the first sample group, chosen in an intuitive manner due to the GMMs presented in Fig. 1 on the plots on the
right. Where, the Otago sub-cluster 1 (sc. 1) would be grouped with Maui sc. 1 and Moorook sc. 1. The analysis that
follows aims to measure consensus through how close the GMMs within that group to the computed centroid. This is
done with all the centroid metrics in order to see potential differences and sensitivities. Fig. 5 on the top plot presents
the maximum Bhattacharyya distance from all three sites GMMs for that group. The bottom plot in Fig. 5 presents
the mimimum Bhattacharyya distance from the centroid to each of the GMMs. The maximum and minimum aim to
present the worst case scenario and the best case scenario. In this case the best group with the lowest overall distance
is Group 1. This is an interesting result, where this suggesting a better consensus present in the first region of particles.
However, this does not help determine where the truth might be present in the sub-clusters.
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Fig. 4: The top plot provides the position centroid covariance ellipsoid ratios between largest to smallest axis for each
of the sub-cluster in sequential order. The bottom depicts similar information for the velocity centroid covariance.
BR.: Burbea-Rao, BH.: Bhattacharyya, KL-R: KL-right sided, KL-L: KL-left sided, KL-S: KL-Symmetrical.

In order to see if this works in determining a better consensus around the truth, a different sgroup is constructed as
depicted in Fig. 6 Group 1 now represents Otago sc. 2, Maui sc. 2 and Moorook sc. 2. Similarly, for sc. 3 for all
sites in Group 2 and different for Group 3 such that this represents the set of sub-clusters that is the closest to the truth.
Group3 consists of Otago sc. 4, Maui sc. 4 and Moorook sc. 5 from Fig. 1 order. This particular Group 3 shows values
that are the lowest distances between all groups, which hints at a better consensus around the truth. To test further the
set of groups around the truth another group set is formed.

Fig. 7 provides anew set of groups, where Group 2 and Group 4 show another set of groupings in a different combi-
nation from the one discussed above. Group 3 in this case carried over from the previous group set provides further
comparison with (sc. 4, sc. 4, sc. 5) combination in the Otago, Maui, Moorook order. The comparison here shows that
the combination (sc. 4, sc. 4, sc. 5) demonstrates the lowest Bhattacharyya distance between the GMMs of the group
and the centroid. The various centroid metrics show the same result, where this combination depicts a minima in this
case. From these results one can start formulating a problem towards the search of a minima in the statistical distance
after applying the information divergence centroid to groupings.

There are certainly some sensitivities due to each measure as discussed earlier, where the centroid metrics produce
various distributions. The KL-right, KL-symmetrical set of centroid measures appear to be less sensitive across, when
looking at Fig. 5, Fig. 6, and Fig. 7. Where the maximum and minimum values stay within a certain margin, while
the Burbea-Rao, Bhattacharyya and KL-left provide greater sensitivity across. This might provide greater help in
determining a minima. In Fig. 5 when observing Bhattacharyya, Burbea-Rao and KL-left centroid maximum and
minimum values it can be easily seen that the minima is presented in the range between Group 3 to Group 5. Where
in that group set the grouping is homogeneous (Group 3: sc. 3, sc. 3, sc. 3) to (Group 5: sc. 5, sc. 5, sc. 5).

Table 3 provides the values that are protrayed in the maximum and minimum figures, such that some of the minima
can be difficult to distinguish on the scales. From this table it is shown that the sc. 4, sc. 4, sc. 5 has the carries the
least amount of distance and thus better grouping. This leads to the centroid application towards consensus and obtain
a set of particles that is closer to the truth.
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Fig. 5: The top plot depicts the maximum Bhattacharyya distance from the centroid metric to the GMM group. Bottom
plot depicts similar information with minimum Bhattacharyya distance to the GMM group. Note that in this groups
the set is homogeneous with (sc. 1, sc.1, sc. 1) on the Otago, Maui, Moorook order for Group 1 and (sc. 2, sc. 2, sc.
2) for Group 2 and so on for each group in this set. The Bhattacharyya metric is presented in blue, Burbea-Rao in red,
KL-Left Sided in yellow, KL-Right sided in purple and KL-symmetric in green.
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Fig. 6: Plots depicting the maximum and minimum Bhattacharyya distance from centroid to each GMM component
within each group. Bottom clusters depict where the truth lies in the set of cluster groups denoted by the star. Group
set to depict the decrease in Bhattacharyya distance.
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Fig. 7: Set of groups chosen to depict the minimum in Bhattacharyya distances to the centroids for each group. Noting
that the a minimum is shown for group made up of Otago sc. 4, Maui sc. 4 and Moorook sc. 5.
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Table 3: Sample of Bhattacharyya centroid metric for the Bhattacharyya distance values to the set of groups. The
highlighted row shows the lowest maximum and minimum.

Grouping (Otago, Maui, Moorook) Bht. Distance to centroid max. min.

1,1,1 0.2524 0.2764 0.4956 0.4956 0.2524
3,3,3 0.3666 0.6941 1.5587 1.5587 0.3666
4,4,4 0.2143 0.7213 1.2914 1.2914 0.2143
4,4,5 0.4238 0.0906 0.1643 0.4238 0.0906
5,5,4 1.1572 1.326 1.8386 1.8386 1.1572
5,5,5 0.2322 0.6205 1.1262 1.1262 0.2322

5. CONCLUSION AND IMPROVEMENTS

The results presented in this paper establish an initial analysis for methods of applying consensus. The decentralized
update approach from a first optical measurement to three separate radar updates generates set of particles, which were
be broken up using GMM algorithm. The GMM splitting performed by Matlab does not imply the best algorithm for
this case. Further research must be attributed into implementing GMM splitting algorithm forming a new set of
groups based on the PDF mode analyzed. The case presented focuses on the consensus between the three separate
set of particles and attempt to fuse the information to yield a region closer to the truth. We utilize the convexity of
information divergence in order to provide this fusion of information carrying distribution information, which is then
carried to obtain a measure of distribution grouping. The results suggest that a minimum Bhattacharyya distance from
a selected group of GMM components and its computed distribution centroid carried the region closest to the truth.
However, this requires additional set of simulations with increased number of particles as some of the results hinted the
presence other local minima that does not necessarily represent region nearest to the truth. For object’s orbit yielded
promising results, however there still remains to explore a vast set of orbits and sensor locations to fully understand
and test the approach to consensus.
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