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ABSTRACT

Due to the ever-increasing space objects population, Space Situational Awareness (SSA) products and services have
become the cornerstone for the safety and sustainability of spacecraft operations. Most of these services rely on the
characterization of the uncertainty of the system, which is known as Uncertainty Quantification (UQ). In many appli-
cations the uncertainty of the orbit state is represented by the covariance matrix, obtained from an Orbit Determination
(OD) process. However, typical OD processes, usually consider the measurements noise as the only source of uncer-
tainty. An unrealistic characterisation of the uncertainty of dynamical and observation models leads to a degradation
of the realism of the covariance, and jeopardizes spacecraft operations.

In this work, we apply our recent methodology for covariance realism improvement, based on the consider parameter
theory of batch least-squares methods, to a catalog scenario to derive the uncertainty of the atmospheric drag model.
This methodology infers the variance of consider parameters based on the observed distribution of the Mahalanobis
distances of the orbital differences between predicted and estimated orbits, which theoretically should follow a chi-
square distribution under Gaussian assumptions. Empirical Distribution Function (EDF) statistics such as the Cramer-
von-Mises or the Kolmogorov-Smirnov distances are used to determine optimum variances of such parameters for
covariance realism.

In Low Earth Orbit (LEO), the main source of uncertainty arises from the interaction of the atmosphere with the
satellite motion, the atmospheric drag. The main objective of this work is to adapt and test the previously developed
methodology to a LEO catalog scenario, in which the evolution of the density uncertainty for multiple objects can be
analysed together by modelling such uncertainty as a consider parameter. Thus, instead of estimating consider param-
eter variances tailored to a single object during a long period, the objective of this work is to determine variances of
parameters of an uncertainty model for the atmospheric density, improving the covariance realism for different clus-
ters of cataloged objects (i.e. different altitudes or ballistic coefficient). Altitude-dependent models of the atmospheric
density uncertainty, based on statistical analysis of historic space weather data, are applied for realistic simulations
together with space-correlated density perturbations. Results are presented focusing on the physical interpretation of
the determined consider parameter model variances and their effectiveness for improving the covariance realism of the
considered catalog of objects.

1. INTRODUCTION

In the current over-populated space environment, the provision of Space Situational Awareness (SSA) and Space Traf-
fic Management (STM) services and products is becoming the cornerstone for safe and efficient spacecraft operations.
Many of these services, such as conjunction risk assessment, maneuver detection, fragmentation analysis or catalog
build-up and maintenance require reliable estimations of the state of the Resident Space Objects (RSOs) and their
associated uncertainty. The quality of this uncertainty is generally measured by how closely it represents reality, also
known as uncertainty realism.

Under the assumption that the state of an orbiting object can be represented by Gaussian random variables, the Proba-
bility Distribution Function (PDF) of a state can be reduced to its two first statistical moments (i.e., mean and variance).
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Despite of these strong assumptions, most operational scenarios represent the RSO state with its mean state and covari-
ance matrix, the main outputs of typical Orbit Determination (OD) processes. Though the latter is only a necessary but
not sufficient condition for uncertainty realism, in this framework uncertainty realism is reduced to covariance real-
ism. This uncertainty representation avoids handling more complex PDF representations of the state, being a recurrent
choice for SSA operational scenarios where data scarcity and the large number of objects have increased the complex-
ity of the system. Nonetheless, covariance realism still requires an unbiased estimation and covariance consistency in
terms of size, shape and orientation.

Typical OD processes, based on batch least-squares algorithms, normally consider the measurements noise as the only
source of uncertainty [1], giving the covariance of the estimated state the name of noise-only covariance [2]. However,
dynamic or measurement model uncertainty sources are typically disregarded. This leads to a lack of realism in
such covariance matrices, being overly optimistic, thus jeopardizing SSA products reliability. This lack of covariance
realism is caused by an improper characterization of some of the uncertainty sources present in the underlying models
and parameters used to represent the orbital motion [3, 4].

Therefore, it is crucial for SSA activities and the future sustainability of the space environment to improve the mod-
elling and characterisation of the RSO uncertainty, which is the goal of Uncertainty Quantification (UQ). Among the
many aspects of UQ, this work focuses on the so-called inverse problem, this is, the characterisation of the discrepan-
cies between observations of a system and the models used to represent it [5]. Consequently, effective UQ methods
that improve the modelling of the uncertainty result in an enhancement of the uncertainty realism.

A widely explored option to characterise the inherent uncertainty of the space environment is the introduction of
stochastic dynamic models or process noise, modelling the uncertainty of the system as Brownian motion, Ornstein-
Uhlenbeck or Gauss-Markov processes [6, 7]. Process noise techniques, mainly used in filtering applications, also
consist in adding certain noise terms to the system dynamics to account for unmodelled uncertainty sources. Their
main drawback is the estimation of the noise to be introduced in the system. For these reasons, process noise estimation
via calibration processes are required to maintain a physical interpretation of the uncertainty [8, 9]. For instance, in
[10], a physically-based estimation of a process noise matrix that models the drag uncertainty is proposed and applied
to a batch estimation. In [11, 12, 13], the concept of empirical covariance matrices is proposed. The goal is to include
the residuals of the orbit determination process for the estimation of the covariance, adapting faster to noise time
variations than process noise techniques. However, the physical interpretation of the uncertainty sources cannot be
unveiled with this technique.

Another approach is the parameter uncertainty, which models the uncertainty of the system as uncertain parameters
whose distribution impacts the state uncertainty evolution. Depending on the type and observability of the parameter,
its impact on the system time-evolution can be included [5]. An example of uncertain parameters methods is the
consider parameters theory. It consists in expanding the state space with additional parameters in the dynamic or
measurements models. These parameters intend to represent specific and tailored sources of uncertainty, and are
devised to follow a certain model with its corresponding uncertainty, in this case, a Gaussian distribution with null
mean (to get an unbiased estimation) and certain variance. Even though it has been classically applied to batch
estimation, this formulation can be also combined with filtering algorithms such as the Schmidt-Kalman filter [14,
15]. Due to the correlation between those parameters and the dynamics, the state uncertainty evolution is affected
by the additional variance of the considered parameters, providing a physically-based and traceable source for the
modelled uncertainty. However, the consider parameter theory suffers from the same drawback as process noise
techniques: realistic noise values or variances of such parameters are not normally known. Overly optimistic, or
oversized, variances may fail to model the uncertainty of parameters in the estimation and subsequent propagation of
the covariance, not achieving covariance realism.

There are other techniques to improve the realism of the uncertainty of the state without focusing on the modelling
and estimation of the different sources of uncertainty. The representation of the state in slowly-varying set of elements
allows to maintain Gaussianity for longer propagation arcs and thus reduce the realism degradation, such as mean
orbital elements [16, 17] or non-linear reference frames [18]. Covariance inflation techniques are also applied in
many operation centres such as the Space Operations Center (CSpOC) [5], using scaling factors for the covariance to
improve its realism. Some authors propose the use of such factors based on matching the initial position uncertainty
with the velocity error [19]. Others explore the use of the Mahalanobis distance of the orbital differences to find global
covariance scaling factors [20]. Even though these methods can be effective under some assumptions, they do not
allow to study the physical meaning of the correction.
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In previous works, we have developed a covariance determination methodology to improve covariance realism during
orbit determination and propagation, based on the consider parameter theory, orbital differences between estimated
and predicted orbits and the χ2 distribution [21, 22, 23]. The core of the method is that, under Gaussian assumption,
the difference between both orbits projected into the covariance space, i.e., Mahalanobis distance, must follow a χ2

distribution. Thus, the variance of the consider parameters can be determined via statistical comparison between the
observed Mahalanobis distance distribution and the expected one, i.e., a χ2 distribution. This is, our methodology
follows the uncertain parameter approach of UQ, modelling specific uncertainty sources with the consider parameters
theory. If the variance of such parameters is properly inferred with the proposed methodology, the consider parameter
theory correction acts as a covariance inflation technique. Thus, the covariance shape and scale are modified according
to the physical sources of uncertainty that are included, hence improving the realism of the covariance. In previous
works, the proposed methodology has been validated and tested in simulated scenarios for LEO [21] and GEO [22],
with different sources of uncertainty analysed, as well as with real data [23]. However, previous studies were focused
on a single RSO analysis, with an assumed constant variance of the consider parameter models.

In the present work, the goal is to apply the covariance determination methodology [21] in a LEO catalog-like scenario.
In this orbit regime, the drag force becomes of high relevance for the orbit dynamics, turning into the dominant
perturbation for low of altitudes. In addition, this force is subjected to several sources of uncertainty that are normally
disregarded in nominal batch least-squares OD processes. Firstly, in SSA applications for non-collaborative objects,
the drag coefficient, mass and area of the RSO is subject to a high level of uncertainty [2]. Secondly, the atmospheric
density is also an uncertain parameter, both due to the lack of knowledge in the density models (presenting variations
of even a 10-20% between them [24, 25]) and also due to its dependence on the solar activity prediction. For all
these reasons, the evolution of the drag uncertainty and the atmospheric density as a function of the altitude, RSO
characteristics or solar activity is subject to many studies [26, 24, 6, 7, 27, 28, 29]

Therefore, this work expands the previously developed methodology of [21] to estimate parameters that define the
variation of the atmospheric density uncertainty in space environments. To this end, we apply a statistical analysis
of historical space weather data to derive a parametric law for the evolution of the density uncertainty with altitude,
for a given period of high solar activity, based on the work developed in [30, 31]. Using this law, a simulation with
several objects at different altitudes is carried out, applying realistic and space-correlated perturbations derived from
the uncertainty evolution law. Finally, the covariance determination methodology is applied simultaneously to all
objects with the objective of estimating the parameters that define the evolution of the density uncertainty.

The remainder of the paper is structured as follows: Section 2 describes the methodology of the analysis. This includes
a summary of the covariance determination methodology principles in Subsection 2.1, the development of the catalog-
based adaptation and the historical statistical analysis for the atmospheric density standard deviation in Subsection 2.2,
and finally a description of the simulation environment in Subsection 2.3. Next, Section 3 presents the results of the
analysis. Finally, Section 4 summarizes the main conclusions and future work.

2. METHODOLOGY

This section describes the methodology of this work. First the main aspects of the covariance determination method
are outlined. Then, the altitude-dependent model for the atmospheric density uncertainty is developed. Finally, the
details of the simulation process are explained.

2.1 Covariance determination method principles

This section summarizes the background of the covariance determination methodology developed in [21].

2.1.1 Consider parameter theory

The covariance determination method is based on the consider parameters theory, whose complete description can be
found in [1, 4]. Let us define first the estimated parameters vector used in a batch least-squares process as

yest =

 r(t0)
v(t0)
p(t0)

 ∈ Rny (1)
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being r(t), v(t) and ny the position, velocity and estimated state dimension, respectively. p(t) represents the vector
of dynamical parameters, either applied to the force or the measurement models. A common dynamical parameter
in LEO is the drag coefficient (Cd). Let us represent the considered parameters that are modelled in the system in a
consider parameter vector as

yc =

 c1
...

cnc

 ∈ Rnc (2)

where nc is the number of consider parameters. They are defined to follow a Normal distribution of the form

ci ∼ N
(
0,σ2

i
)

with i = 1, · · · ,nc (3)

The consider parameters theory models the parameters with zero mean to keep the expected value of the estimation
unbiased [4]. On the contrary, the covariance of the estimation is affected by the consider parameters. The consider
covariance is then

Pc = Pn +
(
PnHT

y W
)(

HcCHT
c
)(

PnHT
y W

)T
(4)

where Hy and Hc correspond to the Jacobian of the observations with respect to the estimated parameters and consider
parameters, respectively. W represents the weighting matrix containing the expected noise of each measurement and
the possible correlation among them. Pn is the so-called noise-only covariance, this is, the nominal estimation output
of a batch least-squares estimation, inverse of the normal equations matrix, i.e.,

Pn =
(
HT

y WHy
)−1 ∈ Rny×ny . (5)

Finally, C is defined as

C =

 σ2
1 · · · 0
...

. . .
...

0 · · · σ2
n

 , (6)

containing the variances of the consider parameters, where no correlation between them is assumed. Eq. (4) can be
written as

Pc = Pn +KCKT ∈ Rny×ny , (7)

with

K = Pn
(
HT

y WHc
)
∈ Rny×nc (8)

Therefore, the consider covariance is obtained as the noise-only covariance plus a covariance correction, which de-
pends linearly on the consider parameter variances. The objective of the covariance determination methodology is to
find the variances of the consider parameters such that realistic covariance estimations are obtained.

We restrict our analysis to linear regimes and Gaussianity assumption. For these reasons, more complex and accurate
uncertainty propagation methods are out of the scope of this work. Additionally, linear propagation methods are
common in many SSA scenarios due to its reduced complexity, lower computational cost, and suitability for relatively
short propagation intervals. The consider covariance can be linearly propagated as

Pc(t) = Ψ(t, t0)Pc (t0)Ψ(t, t0)
T (9)

where Ψ(t, t0) is the extended transition matrix, which connects the position and velocity at any time t with respect
to the initial state and dynamic parameters at time t0. It contains the state transition and sensitivity matrices, and
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can be computed via numerical integration of the variational equations of motion of the system [4]. The length of
the propagation arcs where such linear and Gaussian assumptions hold can vary significantly depending on the RSO
characteristics or altitude. To assess whether such assumptions are valid during the simulations, Gaussianity tests are
applied. Michael’s normality test has been chosen for the work presented here [32, 33].

2.1.2 Considered parameters variance estimation

To determine the unknown variance of the consider parameters that improve the consider covariance realism, we resort
to the properties of the Mahalanobis distance and the χ2 distribution under Gaussian assumptions. The Mahalanobis
distance (dM) is a well-known statistical metric that describes how far a state y(t) is from a certain reference yre f (t),
projected into the covariance space [34]. The squared Mahalanobis distance is defined as

d2
M =

(
y−yre f

)T (P+Pre f
)−1 (y−yre f

)
(10)

where P and Pre f are the covariance matrices of the state and the reference, respectively. Both matrices are computed
using Equation 9, from different estimation processes. In Eq. 10, it is assumed that both variables y and yre f are
uncorrelated. This same assumption, applied in other studies such as in [5] or [35], is not easily guaranteed in many
scenarios, for instance, when the same sensor network is shared for both estimations. In the case of the covariance
determination process described here and in [21], such correlation is mitigated by ensuring that the computed reference
orbit does not share any observation with the orbit state under analysis as further explained in [21]. Combining Eq. 7
with Eq. 10, the squared Mahalanobis distance can be expressed as

d2
M(t) = ∆y(t)T

(
Ψ(t, t0)

(
Pn +KCKT )

Ψ(t, t0)
T +Pre f (t)

)−1
∆y(t) (11)

where ∆y(t) = y(t)−yre f (t). Therefore, Eq. 11 allows to compute the Mahalanobis distance at any epoch along the
propagation arc as a function of the consider parameter variances, present in matrix C.

Bearing this in mind, the covariance determination concept is as follows. Firstly, the χ2 distribution is defined as
the sum of squared Normal distributions [36]. In that case, if the Mahalanobis distance between the state and its
reference is computed with a well-characterised covariance (i.e. realistic), the squared Mahalanobis distance should
follow χ2 distribution under Gaussian assumptions. Therefore, it is possible to use Eq. 11 to determine the variance
of the considered parameters such that the observed squared Mahalanobis distance distribution resembles the expected
theoretical behaviour of the χ2 one. This is done by the minimisation of an Empirical Distribution Function (EDF)
metric, which can be used to determine the resemblance between two Cumulative Distribution Function (CDF). Among
the multiple options available in the state-of-the-art [36, 5], two well-known EDF metrics have been chosen and tested
in [21], the Kolmogorov-Smirnov and Cramer-von-Mises metrics.

Finally, it is necessary to define which orbit is to be used as reference for the Mahalanobis distance computation of Eq.
11. As described in [21], the propagation arc of each orbit is compared against the estimation arc of a newer orbit, since
the error of propagating a certain estimation is expected to be larger than the estimation error, bounded by observations.
To summarize, the covariance determination methodology proposed in [21] consists in, given a population of orbits,
find the variance of the consider parameters that lead to consider covariance matrices that are representative of the
dispersion observed in the orbital differences, by means of the minimisation of an EDF metric.

2.2 Catalog atmospheric density uncertainty

The objective of this work is to apply the covariance determination methodology to estimate not only the uncertainty
of a singular RSO, but to estimate the evolution of the atmospheric model uncertainty as a function of the altitude in
a catalog. This section describes the rationale behind the input uncertainty in the simulations carried out and how this
uncertainty is estimated for a catalog of objects.

2.2.1 Space weather statistical analysis

To test the performance of the methodology, a representative atmospheric density uncertainty as a function of altitude
has been used. The applied atmospheric density uncertainty model is based on the work carried out in [30] and [31].
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In these works, the uncertainty of the atmospheric density is assessed by analysing the effect of the solar proxies
dispersion in the density output of the NRLMSISE00 model. Historical space weather proxies from 1957 up to 2020
(from Celestrak [37]) are processed to select different solar activity strata (in terms of F10.7 solar flux) and identify
epochs of reference for each stratum with moving-averaged proxies, as can be seen in Fig. 1

Fig. 1: Example of 6 different solar activity strata
and their reference epochs, from [31].

Fig. 2: Averaged and maximum uncertainty curves for periods
of high and low solar activity (solid lines) and original ones for
each period of both strata (glassy lines), from [30].

Next, at each reference epoch and solar activity strata (each point of Fig. 1), an artificial joint random distributions is
built, considering the correlation between geomagnetic and solar activity in the surrounding months of the reference
epochs. In parallel, a 3-dimensional grid of latitude, longitude and altitude is constructed. Then, 1000 samples of each
joint distribution (i.e. one per point in Fig. 1) are drawn and provided as input to the NRLMSISE00 model at each
point of the 3-dimensional grid. The atmospheric density outputs are aggregated, and a standard deviation is obtained
for each node, solar activity stratum and reference date. Finally, the maximum standard deviation for each altitude and
solar activity is stored, retaining as a conservative measure the maximum standard deviation in the latitude/longitude
grid of each altitude.

Fig. 2, from [30], depicts the evolution of relative density standard deviation with altitude, in a two-strata analysis of
low or high solar activity. The glassy lines correspond to the uncertainty curves at different reference epochs, for both
activity levels. The solid lines correspond to the maximum uncertainty values between all reference dates, whereas
dashed lines represent the average value. The relative standard deviation of the density is larger for low solar activity
periods. In both periods of low and high solar activity levels, the standard deviation shows a linear growth between
approximately 300 km and 500 km, followed by growth rate decrease around 600 km for low activity, and 700 km for
high activity. In the work presented here, the high solar activity average standard deviation curve (dashed red line of
Fig. 2) has been chosen to represent the evolution of the density standard deviation in the simulations.

2.2.2 Altitude parametrization

Once it has been explained how a statistically representative evolution of the density standard deviation with altitude
has been chosen, this subsection describes how the model of atmospheric drag uncertainty is parametrized and how
the covariance determination methodology is adapted to estimate the evolution of the uncertainty with altitude.

First of all, it is necessary to define the consider parameter model for the atmospheric drag. The classical drag
acceleration equation including the aerodynamic model consider parameter is defined as:

adrag =−1
2

ρ
CdA

m
|vrel |2

vrel

|vrel |
(1+ cAE) , (12)

where ρ is the atmospheric density, A the cross-sectional area, m the object mass, Cd the drag coefficient and vrel is

Copyright © 2022 Advanced Maui Optical and Space Surveillance Technologies Conference (AMOS) – www.amostech.com 



the relative speed vector of the object with respect to the atmosphere. Finally cAE is the consider parameter, defined to
follow Eq. 3 as

cAE ∼ N
(
0,σ2

AE
)

(13)

Its objective is to model the error in the atmospheric density and ballistic coefficient, this is, containing Cd , mass and
cross-sectional area uncertainty. Since this work is focused on the uncertainty arising from the atmospheric density,
mass and cross-sectional areas are assumed to be fixed and known quantities.

Now, the objective is to characterize the altitude evolution of the atmospheric density standard deviation by means of
the consider parameter variance. To this end, the consider parameter standard deviation is parametrized as follows

σatm(h) = σAE(h,a,b,c) = a+bh+ ch2, (14)

where h is the altitude. A second-order polynomial has been chosen among other families of fitting functions or
polynomials based on a trade-off between accuracy and simplicity. Fig. 3 depicts the dataset for the density standard
deviation curve in the averaged high solar activity (dashed red line of Fig. 2), with a numerical fit to the polynomial of
Eq. 14. The Root Mean Square (RMS) error of the fitting suggests that the polynomial used is satisfactory. The results
of this fitting are used as reference values in the simulated scenario, namely: atg = −3.72 · 10−1, btg = 2.06 · 10−3,
ctg =−1.29 ·10−6,

Fig. 3: Atmospheric density standard deviation data set and second-orbder polynomial fit

By combining the model of Eq. 14 with Eq. 11 for a single consider parameter, the Mahalanobis distance is obtained
as a function of the parameters of the model (a,b,c). Thus, the problem at hand consists in the estimation of the
parameters (a,b,c) that define σAE(h,a,b,c) in the catalog scenario. In other words, the objective is to determine
the parameters of the atmospheric density uncertainty model so that, at all altitudes, the population of Mahalanobis
distances follow a χ2 distribution, increasing the realism of all covariance matrices. To validate the performance of
the covariance determination method to estimate such parameters, the results obtained with the fit of Fig. 3 are used
as target values, as explained further in Section 2.3.3.

2.3 Simulation environment

Previous sections have described the evolution of the standard deviation of the atmospheric density, based on statistical
analysis of historic space weather data. The ability and performance of the covariance determination methodology to
characterise such density uncertainty model is assessed via simulations, whose details are explained in this section.
The goal here is to maintain a simulation environment as realistic as possible, compatible with the described hypothesis
and models, and representative of the current state of the LEO environment.
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2.3.1 Simulation scheme

As discussed in Section 2.1.2, the proposed covariance determination methodology requires a population of Maha-
lanobis distances in order to estimate the variance of the consider parameters. Each Mahalanobis distance sample
(Eq. 11) is retrieved from an orbit determination and propagation process. During the OD process, the noise-only
covariance of the estimation is computed along with all components of matrix K, which allows to compute the con-
sider covariance at estimation epoch. However, the Mahalanobis distance must be evaluated at a propagation epoch so
that the impact of errors in the atmospheric density can be observed as state vector differences. For this reason, the
estimated state is propagated forward in time, obtaining in the process matrix Ψ to propagate the covariance linearly.
The simulation scheme is as follows, analogous to all RSOs. More detailed information about this process can be
found in [21]:

1. Reference orbit: a initial state is propagated forward in time with the dynamic model of Table 1. The length of
the propagation will be determined by the amount of simulated data desired for the analysis. Previous studies
of the covariance determination methodology have shown that an accuracy of 15% can be maintained with
approximately 300 samples of a single object [21, 23]. Thus, the reference propagation has been set to obtain
300 ODs. This propagation does not contain any model error in the atmospheric density.

2. Monte Carlo iterations: the following sequence of steps is repeated in a similar fashion to a Monte Carlo
scheme. Between each iteration, the reference state (taken from the Reference orbit), is shifted forward. Also,
each iteration will use different density and measurements perturbations, as further described in Section 2.3.3.

(a) Perturbed orbit: the reference state is propagated backwards 7 days in time, a common length for LEO
OD arcs. During this propagation with the dynamic model of Table 1, a sample error of the atmospheric
density is introduced, as described further in Section 2.3.3. This perturbation is applied as constant for the
orbit time-span, as defined in the consider parameters theory.

(b) Measurements generation: from that perturbed orbit, measurements are generated from ground-based
radars with typical SSA radar noise (Table 2). During this process, real observability conditions are con-
sidered.

(c) Orbit determination: with the synthetic measurements, an OD is performed in a 7 days arc. The estima-
tion epoch (t0) is automatically set to the epoch of the last observation.

(d) Orbit propagation: the estimated state is propagated forward 10 days.

As it has been mentioned in Section 2.1.2, Eq. 11 requires an orbit to be used as reference. In this work, as concluded
previously in [21], the applied estimated reference orbit consists in taking as reference, for orbit i under analysis, the
orbit estimated in the Monte Carlo iteration i+ 7. The main reasons are two: firstly, in an operational environment,
precise orbits are generally not available, specially for non-collaborative objects such as space debris; secondly, the
error within the OD arc is expected to be bounded by the observations, and lower than the error during prediction
(propagation). In order to reduce correlation between them, the orbit under analysis and the estimated reference orbit
do not share any measurement. Note that the covariance of the latter orbit (Pre f in Eq. 11) is also affected by model
errors, and thus the consider parameter correction is also applied to it.

2.3.2 Simulation setup

This subsection gathers the main characteristics of the simulation scenario. The details of the dynamic model applied
for the high-fidelity numerical propagation are included in Table 1. The measurement Gaussian noise applied during
the simulation of measurements is described in Table 2. Finally, the characteristic of the simulated radars are shown
in Table 3.

2.3.3 Altitude correlated noise

On the one hand, we are modelling the atmospheric drag density error according to Eq. 13, each orbit determination
and propagation affected by a sample of such distribution, acting as a constant perturbation. On the other hand, the
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Table 1: Dynamical model

Reference frame J2000 ECI
Gravity field 16x16

Third body perturbations Sun & Moon
Polar motion and UT1 IERS C04 08

Earth pole model IERS 2010 conventions
Earth precession/ nutation IERS 2010 conventions

Atmospheric density model NLRMSISE-00
Solar radiation pressure model Cannonball

Drag model Cannonball
Solar radiation pressure area Constant area

Drag area Constant area

Table 2: Measurement noise

Measurement type σ Units
Two-way range 10 m

Two-way range rate 300 mm/s
Azimuth and elevation 1 deg

Table 3: Characteristics of simulated radars

Field of view Pyramidal asymmetric

Line of sight (southwards pointing)
Azimuth 180 deg
Elevation 75 deg

Aperture Azimuth ±43 deg
Elevation +15º/-10 deg

Geodetic coordinates radar 1 (Spain)
Longitude -5.5911 deg
Latitude 37.16643 deg
Height 0.1423 km

Geodetic coordinates radar 2 (Germany)
Longitude 7.12961 deg
Latitude 50.61657 deg
Height 0.2929 km

Observation spacing 5 seconds

modelled atmospheric density uncertainty evolves solely as a function of altitude for a certain level of solar activity,
according to the chosen model for the space environment. Since, under such hypothesis, two objects at the same
altitude and time-frame should be affected by the same error in the density model, it would be physically incoherent
to apply a completely different perturbation to objects at the same or nearby altitude at the same interval of analysis.
Consequently, an altitude-correlated noise sequence is applied.

To achieve a zero-mean correlated noise sequence for the density error, an auto-regressive function with space correla-
tion of order 1 has been applied in the simulations [38]. This is described next. First, let us assume that the correlation
of two perturbations at two consecutive altitudes z(hn) and z(hn−1), in discrete form, is as

rz (hn,hn−1) = E [z(hn)z(hn−1)] = r0 (hn)e−α|hn−hn−1|, (15)

where r0 (hn) = E
[
z(hn)

2
]

is the power of the non-stationary perturbation. In this case, we want the power of the noise
to coincide with the atmospheric density variance deviation at each altitude, this is,

r0 (hn) = σ
2
atm (hn) = (atg +btghn + ctgh2

n)
2. (16)

The spatial correlation of Eq. 15 can be guaranteed with the auto-regressive model of order 1, AR(1), as

z(hn) = a(n)z(hn−1)+u(n), (17)

with

a(n) =
r0 (hn)

r0 (hn−1)
e−α(hn−hn−1), (18)

u(n)∼ N
(
0,σ2

u (n)
)

and σ
2
u (n) = r0 (hn)

[
1− r0 (hn)

r0 (hn−1)
e−2α(hn−hn−1)

]
, (19)
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where α = 1/hα [1/km] represents the inverse of the altitude scale of correlation, which determines the strength of
the correlation (hα ). u(n) is the Gaussian component of the noise, with variance σ2

u (n), that also depends on the
power noise and is inversely proportional to the correlation. With this noise model, the perturbation at each altitude
is correlated with the noise at the previous altitude by means of the factor a(n), governed by the correlation scale α .
The stronger the correlation (i.e., the smaller α), the smaller the Gaussian component u(n) in the noise sequence. The
choice of α and its estimation is a planned future line of research. However, in the work presented here, the value
of hα = 300[km] was selected, to have a scale of correlation of approximately 1/3 of the altitude span covered in the
simulation. In order to generate the input sequence of noise, the parameters obtained from the fit to the statistical data
in Fig. 3 are used to define r0 (hn), as indicated in Eq. 16.

Fig. 4 shows the correlated density perturbation sequence (in relative terms) for ten different OD arcs. It can be
noted how the perturbations at consequent altitudes show a certain level of correlation, despite maintaining a Gaussian
component. Fig. 4 shows only ten OD arcs, for visualization purposes. If all perturbations at the same altitude and
all OD arcs were analysed, those perturbations would follow a Normal distribution with a standard deviation from Eq.
16, maintaining the proper uncertainty input for the simulations.

2.3.4 RSO population

In this subsection, a brief description of the objects that have been used in the simulations is provided. The goal is
to represent the LEO population for the catalog analysis under the previously described methodology. Recalling the
definition of the consider parameter variance as a function of altitude (Eq. 14), objects at the same epoch and similar
altitudes would suffer the same atmospheric density error. Therefore, under such model, it is only necessary to include
an RSO per altitude in the catalog simulation, since according to such (strong) assumption, the uncertainty estimated
would be representative for all objects at that altitude. The process to generate the RSO population has been the
following:

1. Starting from SpaceTrak TLE LEO catalog [39], we retain objects of nearly-circular orbits and whose altitude
is between 400 and 900 km.

2. Each objects is provided with a ballistic coefficient randomly selected from a distribution of typical values in
the LEO catalog

3. An altitude grid of 15 km width, from 400 km up to 900 km is built. A single object inside each altitude grid is
stored, filtering for Ballistic coefficients in the range 10-40.

Fig. 5 depicts the RSO population meeting conditions 1 and 2 of the above list (blue dots), and the finally chosen
RSOs (red dots), with a total of 35 randomly selected objects.
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Fig. 4: Relative density perturbation as a function of alti-
tude for 10 different OD arcs

Fig. 5: All RSOs in circular LEO orbits with assigned
ballistic coefficients (blue dot) and the selected RSOs for
the analysis (red dots)

3. RESULTS

This sections presents and discusses the results of the catalog-based covariance determination in the described simu-
lated scenario. Before presenting the final results, there are some intermediate Gaussianity analysis worth mentioning.
If the orbital differences are not normally distributed, the uncertainty of the system cannot be represented by a covari-
ance matrix. In this simulated scenario, where objects have different ballistic coefficients and altitudes, the time of
validity for the linearity and Gaussian assumptions varies significantly, for instance, between altitudes lower than 500
km and those above 800 km. To mitigate this problem, the epochs of analysis for the orbital differences have been set
between t0 +1 and t0 +3 days (where t0 refers to the estimation epoch).

In addition to this, Michael’s normality tests, were applied to the orbital differences of each object. It is one of the
most suited tests for orbital differences analysis due to its powerful tail outlier rejection capabilities [40]. It provides
a visual representation of the acceptable Gaussianity region in a percentile plot, and points laying outside can be
visually identified. Fig. 6 show the Michael’s test results separating the orbital differences components in RIC local
frame (radial, in-track, cross-track [2]), but aggregating all objects and epochs of analysis. It is seen that many points
lay outside the normality region in the radial and cross-track directions. On the contrary, normality is preserved on
the in-track direction, as seen in Fig. 6c. Upon these results, the radial and cross-track directions were discarded from
the computations of the Mahalanobis distance, shifting from a 3 DOF to a 1 DOF expected χ2 distribution. Despite
maintaining only the in-track component, this direction should be enable to capture atmospheric density errors, since
the in-track direction is aligned with the velocity vector, direction in which the atmospheric drag acts on the objects.

The final results are gathered in Fig. 7, which compares the statistical curve of the atmospheric density uncertainty
(blue line) with the curve estimated using the catalog-based covariance determination method (orange line). Fig. 7 also
contains the input noise reconstruction curve at each altitude (green points), as well as it’s second-order polynomial
fit (dashed green line). The individual consider parameter standard deviations obtained by analysing each object
individually are represented as orange dots. The estimated coefficients of the parametric function can be found in
Table 4, comparing the results with the second-order fits to the model and input reconstruction. In addition, the RMS
of the differences between the estimated curve and both the model and the input reconstruction is also showed.

It can be noted in Fig. 7 that the input reconstruction does not follow exactly the statistical model for the density
standard deviation. The reason is the amount of samples (orbits) used per altitude grid, in this case, 300. This choice
was a trade-off between data quantity and accuracy. The green curve converges to the blue one with increasing the
amount of samples. The individual results of each object are shown for reference. It is seen that the uncertainty
recovered for the objects individually is subject to a certain error, as was expected due to the 300 samples choice.
Regarding the estimated parameters with the covariance determination methodology, the difference with respect to the
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(a) Radial (b) Cross-track

(c) In-track

Fig. 6: Michael’s test results for in-track orbital differences for all objects and analysis epochs

density uncertainty model varies between 40% and 20%, as shown in Table 4. Even though this difference appears to
be significant, the resulting curve of atmospheric density standard deviation with altitude is similar to the model one,
as can be seen by comparing both curves in Fig. 7 and in the RMS value of 0.0096 of Table 4.

Moreover, regarding the differences between the estimated parameters and the resulting ones from a second-order
fitting to the reconstructed input in Table 4, the accuracy of the method in this case is improved up to a range of 23%-
14% in terms of parameters, and an RMS of 0.0086. This indicates the performance of the methodology to characterise
the input uncertainty, even though this latter does not follow precisely the chosen model due to the samples limitation.
However, in both cases, the RMS results of comparing the models in Table 4 correspond to than 2.2% of the maximum
standard deviation, indicating a satisfactory accuracy in terms of atmospheric density standard deviation. It is seen
how, when estimating the uncertainty evolution parameters using all the data from the selected catalog, the resulting
curve is similar to a best-fit for the individual objects results, allowing a mitigation of individual errors and outliers of
the objects in the catalog.

Fig. 8 shows the final distribution of the squared Mahalanobis distance samples, coming from all orbits of all objects
in the considered catalog, when applying the estimated constants of the consider parameter variance. As discussed
previously, only 1 DOF is considered in the optimisation, the in-track component. A satisfactory match between the
squared Mahalanobis distance CDF and PDF and the χ2 distribution can be appreciated in Fig. 8, confirmed with the
metric of the fitting process, where Cramer-von-Mises test statistic was used. A metric of 0.19 is obtained, shown
at the header of Fig 8, whereas the upper limit for the Cramer-von-Mises test statistic to reject the null hypothesis
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Fig. 7: σAE evolution results Fig. 8: Optimized squared Mahalanobis distance distribu-
tion for all objects. 1 Degree of Freedom (in-track), anal-
ysis window between t0 +1− t0 +3

Table 4: Results of the atmospheric density standard deviation parameters

a [-] b [-] c [-] RMS [-]
Estimated −5.31 ·10−1 2.55 ·10−3 −1.68 ·10−6 -

Input reconstruction −4.29 ·10−1 2.24 ·10−3 −1.43 ·10−6 -
Model −3.72 ·10−1 2.06 ·10−3 −1.29 ·10−6 -

Difference w.r.t input [%] 23.90 13.84 17.5 0.0080
Difference w.r.t model [%] 42.74 23.78 30.23 0.0096

is 1.167. Thus, the test determines that the observed distribution, after the consider parameter correction, provides a
strong match with the χ2 distribution, in this case with a significance level of 0.25.

It is important to remark that all samples, coming from orbital differences of distinct objects and orbits, can be treated
as part of the same distribution thanks to the Mahalanobis distance. When affected by the same perturbation in density,
the error in position will depend significantly on the object altitude, position, ballistic coefficient. Nonetheless, the
evolution of the covariance is also proportional to those factors. This normalization of the errors allows all Mahalanobis
distances to belong to the same distribution, provided that the model errors are properly characterized and under certain
assumptions such as Gaussianity and linearity, as previously discussed. Analogously, the covariance will also adapt
for different orbit visibility and geometry factors that impact the OD process.

The results of the Cramer-von-Mises test is a marker of the covariance realism improvement that is obtained with the
covariance determination methodology in the considered catalog of objects. However, this realism improvement is
only ensured in the in-track direction. Even though this component of the state vector in local reference is the most
affected by atmospheric density errors, it is necessary to assess the improvement in realism in all position components.
For this purpose, covariance containment tests, as proposed in [41], allow for a clear physical insight and visual
representation of the level of realism of the covariance. To evaluate if the covariance is representative of the orbital
differences, the Mahalanobis distance can be used as a metric to see the amount of points that lay inside a kσ ellipsoid
(k = 1,2,3,4) and compare it against the expected fraction for a multivariate Gaussian distribution of the same number
of DOF. In this case, the interest lay in assessing the containment in full position (i.e., 3 DOF) that is achieved with
the parameters that were estimated with the catalog-based covariance determination. Figures 9a and 9b show the
visual representation of the containment test for two different objects in the analysed catalog, for a 3σ containment.
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Each of the points correspond to orbital differences between estimated and predicted orbits, for different ODs. Fig.
9a corresponds to an object at a high altitude (830 km), showing a 3σ containment of 96.59%. Such containment is
similar to the 97.1% value of 3σ theoretical containment for a 3 DOF multivariate Gaussian distribution. The samples
of orbital differences are less dispersed in the in-track direction as compared to Fig. 9b. The latter corresponds
to the object in a worst case scenario, this is, at low altitude (477 km) with a low ballistic coefficient, showing a
3σ containment of 92.03%. In fact, non-linearity is building up in 9b, where the so-called banana-shape of the
orbital differences start to appear. As a consequence, the containment in 9b is lower than in its counterpart of 9a.
Consequently, extreme care must be taken in terms of linearity and Gaussian assumptions when a catalog of objects is
analysed.

Table 5 presents the average containment tests results for the complete catalog in two different cases: with the noise-
only covariance (i.e. without any model error correction) and with the consider covariance (i.e. the resulting covariance
when applying the consider parameter variance obtained with the covariance determination process). An average con-
tainment similar to their expected fractions at the different kσ levels is seen, what indicates an overall covariance
realism improvement for the catalog as compared to the containment obtained with the noise-only covariance, which
fails to model the uncertainty of the system in the present of dynamic model errors. In fact, the similarity between the
containment tests and the theoretical expectations at all σ level indicates that the covariance determination methodol-
ogy does not oversize the covariance matrices.

(a) Object # 6, at 830 km altitude (b) Object # 27, at 477 km altitude

Fig. 9: Covariance containment test at 3σ level for 3 DOF, using the optimum estimated parameters results. Theoretical
3σ containment for a multivariate Guassian distribution of 3 DOF is 97.1% [41]

Table 5: Average covariance containment tests (in %) for selected catalog of objects.

1σ 2σ 3σ 4σ

Noise-only covariance 0.25 1.40 2.87 4.37
Consider covariance 19.20 72.93 96.64 99.80

Theory (3DOF) 19.90 73.90 97.10 99.87
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4. CONCLUSIONS AND FUTURE WORK

The goal of the presented work was to extend the covariance determination methodology to a catalog scenario, in
which the evolution with altitude of the atmospheric density uncertainty could be estimated. To this end, a parametric,
altitude-dependent function of the density standard deviation has been applied as consider parameter model, switching
the covariance determination process to the estimation of the parameters that define such model by considering a cat-
alog of objects. In line with the statistical analysis of historic space weather data and its impact on density estimation,
a second-order polynomial was chosen to model the evolution of relative density standard deviation with altitude,
and the resulting uncertainty curve for a high solar activity period was used as reference model for the simulations.
The validation of the methodology was carried out in a simulated environment, having several orbit determination
and propagation steps for each object in the chosen catalog, adding space-correlated perturbations to the atmospheric
density according to the reference second-order model.

The covariance determination methodology was able to estimate the parameters of the input model, obtaining an
RMS of the residuals between both parametric curves below a 2.2% of the maximum atmospheric density standard
deviation. The estimated atmopsheric density model is close to the chosen theoretical model except at high altitudes,
due to a deviation in the input perturbations caused by a limited amount of samples. Nonetheless, the covariance
determination method has showed a satisfactory ability to estimate parameters affecting multiple objects of a catalog.
Due to the properties of the Mahalanobis distance, the information of all objects could be treated as samples of the same
distribution, allowing to determine properly the parameters of the density uncertainty. Due to departure from Gaussian
assumption, the radial and cross-track components of the position differences were discarded from the computation
of the Mahalanobis distance. However, the remaining in-track component is the direction where most of the density-
related errors are expected to impact in the orbit, since the in-track direction is aligned with the velocity. The squared
Mahalanobis distance distribution, after estimating the parameters of the uncertainty, presented a large similarity with
the χ2 distribution, confirmed by the Cramer-von-Mises statistic, which is an indicator of realism of the covariance.
The averaged covariance containment results showed an improvement of the covariance realism in the catalog.

Regarding future work, a clear line of improvement is to analyse the sources of the non-Gaussianity in the radial
and cross-track directions, to understand their origin and to be able to include them in the analysis. Moreover, the
simulations must be extended to a larger amount of samples per altitude, in order to confirm the convergence of the
methodology to the chosen atmospheric density model. Additionally, alternative state representations and covariance
propagation techniques that are able to maintain Gaussianity for longer propagation arcs are to be investigated, such
as in curvilinear coordinates or mean orbital elements. This is expected to provide better conditioned covariance
matrices that improve the behaviour of the squared Mahalanobis distance distribution. It is also necessary to move
towards more complex models for the dynamic model uncertainty, as opposed to the consider parameter theory with
constant parameters. In this regard, time or space correlated noise models such as Ornstein-Uhlenbeck or Gauss-
Markov processes are to be analysed, adapting the principles of the covariance determination method to the estimation
of the parameters that define such stochastic models. Finally, further validation with real data is crucial to develop
more flexible and complete methodologies to capture the uncertainty in real space environments.
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