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ABSTRACT

This paper explores the utilization and analysis of a cislunar-based receiver to enhance a network of terrestrial and
near-earth space-based passive RF receivers for conducting Space Situational Awareness (SSA) of objects in
cislunar space. It models and explores the integration of a cislunar receiver into a network of terrestrial and GEO-
based receivers. The added receivers are in various periodic, closed orbits around the Earth-Moon Lagrange points
Ly, L,, and Lg. The addition of the cislunar receiver is beneficial as the estimation accuracy of passive RF systems is
based on the geometric orientation of the constituent emitter and receivers and a diverse geometric setup provides
greater theoretical accuracy. The orientation’s usefulness for estimation is often measured through the metric of the
dilution of precision (DOP). This research effort applies and adapts previous research into UAV-based passive RF
estimation where receiver position and velocity uncertainty are considered and adapts/applies it to the problem of
augmenting a terrestrial and near-earth passive RF architecture with a cislunar receiver. Provided is a derivation of
the relationship between the receivers’ position and velocity uncertainties and relates that to the Cramer-Rao Lower
Bound of the anticipated final estimation accuracy of the cislunar emitter.

1. INTRODUCTION

Over the past five years, the proliferation of US, foreign, and commercial missions to and around the moon has
necessitated the US to improve and prioritize spacecraft tracking and cislunar SSA capabilities [1-3]. Due to
limitations in current electro-optical and radar tracking architectures for objects around the moon, there's a growing
interest in novel methods for maintaining SSA. Consequently, passive RF estimation research has garnered increased
attention as a means to address some of the gaps in spacecraft tracking within the cislunar regime. Multi-receiver
passive RF systems measure a signal sent from a single emitter and compare the signal as it received at multiple
receiver stations to calculate a time difference of arrival (TDOA) and frequency difference of arrival (FDOA).
Previous research conducted at the University of Arizona demonstrated that terrestrial-based receivers can
successfully track spacecraft between the Earth and the Moon using passive RF [4,5].

Recent research efforts explored the use of passive RF measurements utilizing receivers that are in near-Earth orbits
or on the surface of the Earth [6-8]. However, there is interest in using future cislunar satellites for SSA and tracking
throughout the cislunar region. AFRL has announced the Oracle program whose stated is “lead the development of
SSA capabilities in cislunar space” and will be equipped with wide and narrow field-of-view sensors [9]. Furthermore,
the exploration of further exotic orbits and locations for cislunar SSA is being evaluated in the literature [10,11]. The
use of a satellite in a region of interest in space for conducting SSA is not an entirely novel idea. Currently, the USSF
operates the Geosynchronous Space Situational Awareness Program (GSSAP) satellites operating near the GEO belt
for the express purpose of augmenting the SSN for SSA [12]. A difficulty of using cislunar satellites for orbit
determination or state estimation of other satellites is that accurate knowledge of your own satellite’s state vector is
an unknown. Or to articulate this problem in a different way, position, navigation, and timing (PNT) information is
not readily available in the cislunar region where satellites are much farther from the GNSS satellite constellations of
GPS, GLONASS, Beidou, and Galileo. This paper explores how adding a theoretical passive RF receiver to an
architecture of near-Earth and terrestrial passive RF receivers improves the dilution of precision and estimation
accuracy when considering position and velocity uncertainty of the receivers.
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2. BACKGROUND
2.1 Cislunar PNT

Satellites operating near the Earth are able to leverage PNT services from the various GNSS satellite constellations in
Earth orbit. However, this is a less reliable option for cislunar satellites. Weak GNSS, which is a method that uses the
same GNSS satellites and signals as users on Earth and in near-Earth orbit utilize, provides potentially inaccurate PNT
solutions [13]. When higher fidelity PNT solutions are required in cislunar space, NASA’s DSN is used. This is a non-
scalable solution as the network is currently near its capacity [105]. These facts have motivated research into how we
should do ‘GPS in cislunar’? including on where priority for coverage should be focused within the very massive
region of cislunar space [106,107]. Despite the interest, conclusive efforts are still in the far future and requirements
and anticipated future PNT resolution is still an open question. The best available source of PNT accuracy
requirements is based on a NASA report that focuses on key navigation requirement for various mission types [108].
The document provides a requirement of 3-D positioning for cislunar type relay spacecraft between 10m and 100m
for the 1-sigma accuracy.

2.2 DOP Derivation with Receiver Uncertainty Consideration

DOP is a deterministic quantity that provides an insight into how well a particular alignment of receivers will be
able to provide a stochastic estimation of the emitter’s state. There are multiple ways in which to derive DOP, and it
is used within many research communities. The most widely used DOP is used by GNSS constellations to provide a
measurement of how accurate of a PNT estimation, a user will acquire based on the location of the available
satellites in-view. DOP can be accurately expressed as a relationship between the estimation error and the
measurement noise. This description provides the most instinctual perception of the information that it provides.
However, to incorporate receiver uncertainty, the derivation provided uses a separate starting point of using the DOP
relationship to the Cramer Rao Lower Bound (CRLB). This leads to a similar result, the relationship between the
states being estimated and the measurement noise, but enables the additional consideration of non-perfect receiver
state knowledge. This derivation follows a similar derivation from that presented in the literature for passive RF
sensing using UAVs [14,15].

The first step of this derivation is to define a vector (@) of m pairs of TDOA (At;) and FDOA (Af;) measurements
from the receivers with the associated measurement covariance for each measurement pair (Q,,).

a= [ATl Afl ATZ Afz e A‘Em Afm]T (1)
2
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Qu=E(@aa™ =] 0 0 .. 0 0 )
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Next, we create a vector () that includes all of the receiver position and velocity states as well as the covariance of
the uncertainty for each receiver (Qg). There are s total receivers.
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The multivariate PDFs for each a and B, where a, and B, represent the mean of each distribution [16] are:
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The next step combines the true emitter and receiver states into a single vector (8) and the stochastic measurement
and receiver states (v) into a single vector.

6= [);ZZ‘:] (true values) ,v = [oﬁt] @)

The derivation now begins to evaluate the CRLB as defined in Equation (8).
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Where a and B are independent, therefore:
f(@|0) = f(al0) « f(B16) )
Using properties of the natural logarithm of the pdf simplifies the summation of the distributions into:
In(f(v16)) = in(f(«|6)) +In(f(B16))
1 1
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To simplify the calculations associated with the CRLB, the CRLB is subdivided into four submatrices.
X(6x6) Yiexes) |
CRLB(0) = T (11)
(Y(6><65)) Z(6s><6s)

Where X, Y, and Z are defined in the following way:
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Now, applying the partitioned matrix inversion formula per the Shur complement [17],
cripo) = [X Y]
Yr z (15)
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For this derivation, only the top left quadrant is useful for the DOP as it describes the CRLB of the emitter states.
CRLB(0)top tefe = X 1+ X7V (Z — YTX71y)~1yTx 1 (16)

It is worthy of note, that if only the first part of the CRLB in Equation (16) is calculated, (X~1), then the CRLB and
the subsequent DOP will be the same as if no receiver uncertainty is considered [7].

\/ trace(CRLB gxs)) (17)

0TpoA

DOP =

The trace operator adds diagonal elements of the CRLB matrix together. This is problematic as the units along
the diagonal are dissimilar. The top three describe uncertainty in the position states of the emitter and the bottom three
describe velocity state estimation uncertainty. To maintain unit consistency, the DOP is divided into the GDOP and
the VDOP where the GDOP contains the top three elements of the diagonal and the VDOP contains the next three
elements.

Jtrace (CRLB(position))
GDOP = (18)
OTpoa
\/tT’aCQ (CRLB(velocity))
VDOP = .
Orpoa
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2.2 Partial Derivative Matrices

The next step in finding the DOP is to define and derive the partial derivatives that compose the submatrices
X,Y,and Z from Equations (15) — (16). First the measurement equations for TDOA and FDOA must be explicitly
stated. The TDOA (t) provided in Equation (20) is directly related to the difference in the relative range between
each receiver and the emitter and inversely proportional to the propagation velocity or speed of light for RF signals
(c) [18,19]. p; and p; represent the relative position of the emitter with respect to sensors i and j. As shown in
Equation (21), FDOA (Af) is directly related to the difference in the relative radial velocity or range-rate of each
receiver to the emitter [18,19]. v, represent the emitter velocity, v; and v; represent the respective the sensor’s
velocity, and f, represents the signal carrier frequency.

o 1
Grpoa =T = c [”Pj” - ||Pi||] (20)

-\ S N\T
GFDOA = Af = %<<”2—1”> (ve - 17]-) - <”z—l”) (ve - vi)) (21)
Jj 12

The first partial (6a/6Xemw) is similar to the measurement Jacobians. The full partial derivative matrix which is a
2m X 6 sized matrix is:
r dty Jty Jty aty aty dty

axetrue a:yetrue aZetrue avxetrue aertrue vzetrue

0Mf,  OAf,  OMf,  OAf,  O0Af,  OAf,

oa axetrue ayetrue azetrue avxetrue av)’etrue avzetrug
(aX ) = . H H H H H (22)
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V. v
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Using the notation used in this derivation, the partial of the m‘" sensor with respect to Xe,rye USING receivers i and j

IS:
0Tm — ((xetrue_xf) _ (xetrue_xi)>
Pj pi

(23)

axetrue
It is likewise for the remaining position partials. The velocity partial for the TDOA is zero as TDOA is not a

function of velocity. For FDOA, the position partial and velocity partial for the x coordinate are:
x coordinate position partial:

WA fo 1 (Yerue — xj)z Ferrue = %) Wetrue = %))
28 (=) (- ), ) (Bl
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Xetrue pj pi (25)
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The unique partial in the DOP derivation is the (da/dBtne) Which in real terms is an evaluation of how the

measurements change as you adjust the receiver states. For receivers labeled 1,2, ... s, the partial derivative matrix

for a total of s receivers become a 2m X 6s sized matrix:

Ja
(aﬁtrue)
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6—x1 a—yl 6—21 ovy, 0v, 0y,
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Jdx; dy; 0z,  0vy, 0v, 0V,
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Jdx; dy; 0z; 0y, avyl vy,
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| d0x, dy, 0z; 0v,, O0vy, 0vy,

Jaty Jat, Jat, Jat, Jat, 0Ty T
dxg ays 0zg  0v,, 0vy, 0V,
dAf, O0Af, O0Af, O0Afy OJAfi 0Af;
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ot,, dt, 0t, 0t, 0t, 0T,
0x, dys 0zs 0y, avys v,
0Af,, O0Af, O0Af,, O0Af, O0Af, O0Afy,
dx, ays d0zg  0vy, Ov,  0v, |

(26)

A huge portion of the matrix is zero. This is because it evaluates the change in each measurement pair with each

receiver. A measurement will only be dependent on the two receivers that are used for that measurement, the

primary and secondary receiver. Equation (27) restates the TDOA measurements using the equation using the it"
receiver as the primary and the j** receiver as the secondary. The difference for all is a sign difference since the
primary and secondary receivers are differenced from each other.

For the m measurement, the primary (i®") receiver partial becomes:

0ty
6xi

[Tm]

0ty
dy;

0ty
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2 2
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The secondary (j*) receiver partial becomes:
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For the m measurement, the primary (i®") receiver partial for the x coordinate becomes:

0L f,,

0Af,,

0Af,,

0Af,,
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x coordinate position partial:
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(30)

(31)
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The remaining position and velocity coordinate partials are similar by symmetry.
The secondary (j*) receiver partial becomes:
0Af, O0Af, O0Af, O0Af, O0Af, OJAf,
[ o, By, 07 v, v, szj] (33)

x coordinate position partial:
2
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x coordinate velocity partial:

M —fo (u) (35)

avxj T oc pj

In summary, the above full derivation showed the calculation of the DOP for passive RF when receiver uncertainty
is taken into consideration. The DOP is calculated using the trace of the CRLB (Equation (18) or (19)). The CRLB
is calculated using submatrix operations as shown in Equation (16). Finally, each of the submatrices X, Y, and Z are
calculated using the measurement and receiver uncertainties, Q, and Qp, respectively and the indexed partial

derivative matrices shown in Equation (22) and Equation (26).

3. RESULTS AND DISCUSSION

3.1 Individual Cislunar Receiver Uncertainty

The simulations used closed Lagrange point or distant retrograde (DRO) cislunar orbits for the cislunar emitter and
receivers. Additionally, each scenario was organized and setup in a manner similar to the one shown in Fig. 2. The
first simulation shows a 21-day scenario demonstrating how DOP changes throughout a full period of a DRO
emitter. For this scenario, a receiver in an L, halo closed orbit is added to a passive architecture that is found to
perform well in previous research [7].

A major consideration not modeled in this research is the beamwidth of the transmitted signal from the emitter. For a
passive RF receiver to successfully calculate a TDOA and FDOA, both receivers must be in either the main lobe or in
some cases a side lobe [20]. The beamwidth size and shape are highly dependent on the transmitter characteristics
used as well as the carrier frequency, and these dependencies are outside the scope of this research effort [21].
Additionally, throughout the formulation of the DOP with uncertainty, an inherent assumption of full LOS between
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all receivers and the emitter is made to enable a direct comparison between architectures with and without a cislunar
receiver.

Table 1. Uncertainty values for position and velocity used for scenario.

Position Uncertainty (a,,s) Velocity Uncertainty (6,,.;)
Terrestrial Receivers lcm 1 mm/s
Near-Earth Space Receivers Im 1 m/s
Cislunar Receiver 100 m* 10 m/s*

*These values varied in section 3.2 and 3.3

The receiver architecture chosen for this scenario are six terrestrials with a single GEO as described in analysis. The
geographical location of the terrestrial receivers is shown in Fig. 1. The setup showing the orbit of the near-Earth
receiver, cislunar receiver, and the cislunar DRO emitter as well as indicating arrows shown the initial direction of
travel are shown in Fig. 2.

z(LY)

Emitter
Cislunar Receiver ¢
GEOQ Receiver

- Orbit Start Location
—= Orbit Initial Direction

-0.2

04 0.8

0.4

y (LU) 0.2

x (LU)

-0.2

Fig. 2. Synodic frame diagram of scenario setup showing emitter in 21-day period DRO, the cislunar receiver in an
L1 halo orbit and the GEO receiver in an orbit on the Earth’s GEO belt. The Earth and Moon are shown in their
respective locations.

The DOP varied throughout the scenario. Line of sight was considered in this scenario and only receivers that did
have a clear line of sight to the emitter were used in the calculation of the DOP. A plot showing how DOP varied
throughout the scenario is provided in Fig. 3 as well as the summary statistics in Table 2. Overall, the DOP shows a
U shape trend. The minimum corresponds to the halfway point of the scenario when the emitter is closest to the Earth.
This is understandable because as the emitter gets closer to the Earth, there is potentially greater geometric separation
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in the receiver locations. Additionally, shown on the plot is the GDOP throughout the scenario if no uncertainty is
considered. The added uncertainty of the receiver positions increases the DOP, indicating worse potential estimation
accuracy.

Scenario DOP
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Fig. 3. DOP throughout simulation using a DRO emitter, with receivers at L1 halo, GEO, and six terrestrial based
locations.

Table 2. Summary statistics of DOP scenario accounting for receiver state uncertainty

Median Mean Min Max
GDOP (km/nsec) 0.0353 0.2417 0.0079 12.7817
VDOP (LU/TU?) 0.0158 0.0717 0.0039 2.7883
GDOP without receiver 0.0216 0.1992 0.0059 12.4774
uncertainty (km/nsec)

3.2 GDOP Relationship with Position Uncertainty

Further analysis was conducted to explore the potential benefits of a cislunar receiver augmenting an architecture of
terrestrial and near-Earth receivers. Scenarios similar to the one discussed in the previous section were run across a
range of cislunar receiver uncertainties of 10~> km to 10* km to discover what accuracy of cislunar receiver position
accuracy is predicted to be needed to improve estimation accuracy. Fig. 4-Fig. 5 show the results for the median GDOP
of various cislunar receivers across Ly, L,, and L,. All are conducted with the addition of six terrestrial and one GEO
receiver and the target emitter in all cases is a 21-day DRO. The results from all are similar in that there is an S curve
with a lower asymptote corresponding to median GDOP without the consideration of receiver uncertainty and an upper
horizontal asymptote that corresponds to the median GDOP of the scenario if no cislunar receiver is present.
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Fig. 4. Position uncertainty plots showing median scenario GDOP for TDOA and FDOA estimation varying as the
cislunar receiver uncertainty varies. Cislunar receiver for this plot is an L1 halo orbiter. The red vertical lines depict
potential 1-c NASA requirements for cislunar relay spacecraft position accuracy [22].

Variable Cishinar Poson Uncertainty] |

— = *No Recaiver Uncertainty
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GDOP (kminsec)

0% 104 102 102 10 10° 10" 10
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GDOP Without Gislunar Receiver

GDOP Without Ciskinar Recaiver

GDOP (kminsec)
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10° 10 10° 102 107 10° 10' 10 10° 104 10° 0 10° 102 10" 10° 10 10? 0° 10
7 - Cislunar Receiver Position Uncertainty (km)

Fig. 5. Position uncertainty plots showing median scenario GDOP for TDOA and FDOA estimation varying as the
cislunar receiver uncertainty varies. Top left shows an L2 NRHO receiver, top right an L1 halo receiver, bottom left
an L4 planar receiver, and bottom right shows an L1 planar receiver.

The plot shows that accuracy improvements after uncertainty is 102 km or 10 m is marginal and that if the position
accuracy of the receiver is larger than 10° km or 1000 m, then the cislunar receiver is predicted to provide very little
benefit. It is of note that NASA requirements documents have discussed potential position uncertainty requirement
ranging between 10 m and 100 m [22]. Finally, the addition of a cislunar receiver shows the potential to improve
the predicted GDOP by over an order of magnitude over an architecture composed entirely of terrestrial and near-
Earth orbiting receivers.

3.3 GDOP and VDOP Relationship with Position and Velocity Uncertainty

The relationship between the DOP and position/velocity uncertainty was further explored by varying both the position
and velocity uncertainties to determine velocity uncertainty. This demonstrated a significant effect on the predicted
GDOP or VDOP of the scenario. Fig. 6 and Fig. 7 show the results from simulations with varying uncertainties.
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Fig. 6. Plot showing median scenario GDOP for a DRO emitter and a receiver architecture of an L1 halo, GEO, and
six terrestrial nodes. GDOP is only affected by position uncertainty and not velocity uncertainty for the cislunar
receiver. The units for GDOP are in km/nsec.

Position Uncertainty (km)

Velocity Uncertainty (m/s)

Fig. 7. Plot showing median scenario VDOP for a DRO emitter and a receiver architecture of an L1 halo, GEO, and
six terrestrial nodes. VDOP is affected by both position and velocity uncertainty for the cislunar receiver. The units
for VDOP are in non-dimensional CR3BP LU/TU?,

Demonstrated in the above plots is the significant dependence on the position uncertainty of the GDOP and VDOP.
The absence of a meaningful relationship between the GDOP and velocity is not surprising as the TDOA measurement
is not dependent on the receiver velocity states but only the position states. The VDOP is a function of the velocity
uncertainty. From Fig. 7, it shows that when cislunar receiver’s uncertainty exceeds around 100 m/s, the predicted
VDOP of the architectures increases significantly.

4. SUMMARY

This paper adapted and demonstrated the derivation of a DOP metric that considers observer uncertainty and applied
the DOP to passive RF estimation using cislunar receivers showing that the addition of a cislunar receiver can
improve the median scenario DOP by over an order of magnitude as compared to a terrestrial/single GEO passive
RF architecture. Additionally, it showed that the improvement in DOP is highly dependent on the receiver’s position
uncertainty and the improvement in DOP drops off significantly when position uncertainty for a cislunar receiver is
greater than 10m (10). Various scenarios were constructed and modeled demonstrating the potential usefulness of
the receiver-uncertain DOP in evaluating potential future cislunar SSA architectures as well as establishing future
requirements for PNT systems in covering cislunar satellites. Similar to the DOP metrics in previous literature[7],
this DOP allows for the calculation of a deterministic value to evaluate and compare various emitter/receiver setups
to one another.
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